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We propose and analyze a passive architecture for realizing on-chip, scalable cascaded quantum
devices. In contrast to standard approaches, our scheme does not rely on breaking Lorentz reci-
procity. Rather, we engineer the interplay between pairs of superconducting transmon qubits and
a microwave transmission line, in such a way that two delocalized orthogonal excitations emit (and
absorb) photons propagating in opposite directions. We show how such cascaded quantum devices
can be exploited to passively probe and measure complex many-body operators on quantum reg-
isters of stationary qubits, thus enabling the heralded transfer of quantum states between distant
qubits, as well as the generation and manipulation of stabilizer codes for quantum error correction.
I. INTRODUCTION
Over the last two decades, superconducting circuit
technologies have emerged among the most promising
platforms for realizing quantum processors [1, 2]. One
avenue consists in designing quantum networks in a mod-
ular approach, where distant stationary qubits interact
by exchanging photons as “flying qubits” propagating in
waveguides [3]. As the size of experiments and number
of qubits in quantum networks scale in complexity, con-
trollable routing of quantum information between dis-
tinct components becomes a requirement [4]. In most
current experiments, this task is taken care of using fer-
rite junction circulators, which break Lorentz reciprocity
via the Faraday effect [5, 6]. However, as these devices
are bulky, lossy, and use large magnetic fields, they are
not suitable for on-chip integration, and new, scalable al-
ternatives must be developed. To address this challenge,
several approaches were proposed in recent years. Most
strategies require active devices [7–16], where reciprocity
is broken by the interplay of several pump fields with
precise phase relations, at the cost of adding energy to
the system. On the other hand, passive devices have also
been proposed based on superconducting junction rings,
where circulation is obtained using a constant flux bias;
these are however highly sensitive to charge noise [17, 18].
In this work, we tackle the problem of quantum infor-
mation routing from a different angle; rather than cir-
culators, we design effective integrated qubits as com-
posite objects coupled to a meandering 1D transmission
line [see Fig. 1(a-c)], with the requirement that photons
propagating in one direction are absorbed and reemitted
along the same direction, without breaking reciprocity.
Coherently driving several such unidirectional quantum
emitters through the transmission line gives rise to an
effective cascaded driven-dissipative dynamics, as repre-
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sented in Fig. 1(d), where photons radiated by each emit-
ter coherently drives other emitters downstream; in the
literature, this paradigm is sometimes referred to as “chi-
ral quantum optics” [19], and features interesting steady-
state properties, as will be discussed below.
In analogy to “giant” artificial atoms [20–23], which
couple to a photonic or phononic waveguide at several
points separated by distances comparable to the wave-
length, our approach consists in designing a giant uni-
directional emitter (GUE), here realized using two ar-
tificial atoms as anharmonic oscillators, as represented
in Fig. 1(a). These atoms are coupled to a waveguide,
at two points separated by a distance d ∼ λ0/4, with
λ0 the photon wavelength. By designing the interac-
tion between artificial atoms, our composite object ef-
fectively admits a V -level structure with two delocal-
ized excited states |L〉 ∼ (i |1102〉 + |0112〉)/
√
2 and
|R〉 ∼ (|1102〉 + i |0112〉)/
√
2 (with |nk〉 denoting Fock
state n = 0, 1, . . . of atom k = 1, 2), with the remarkable
property that their transitions to the ground state |0102〉
couple respectively only to left- and right-propagating
modes of the waveguide [see Fig. 1(b)], which is due to a
destructive interference in the photon emission (and ab-
sorption). Below we will analyze an implementation of
this model with superconducting transmon qubits cou-
pled via a superconducting quantum interference device
(SQUID) [see Fig. 1(c)].
As we will show later on, these composite emitters can
be used as unidirectional photonic interfaces for addi-
tional long-lived stationary qubits (represented below in
Fig. 3), which has immediate applications for quantum
information processing and quantum computing. In our
approach, quantum information is manipulated and di-
rected passively, using an itinerant probe field as “fly-
ing qubit” propagating in the waveguide. This forms a
naturally scalable architecture for quantum networking,
which we will illustrate in particular with the realiza-
tion of quantum state transfer between distant station-
ary qubits, and with the generation and manipulation of
stabilizer codes for quantum error correction [24]. Our
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FIG. 1. Unidirectional coupling of quantum emitters to a transmission line. (a) Model for realizing a giant unidirectional emitter
(GUE) using non-linear coupling between two artificial atoms coupled to a waveguide. (b) Corresponding level structure
obtained with specific parameters (see text). An effective two-level system with states |0102〉 and |R〉 is obtained, which
couples to right-propagating modes of the transmission line. (c) Superconducting circuit implementation, where two transmons
(k = 1, 2) are coupled at two points to a meandering transmission line, and interact via a SQUID. (d) Driven-dissipative
cascaded quantum network realized with several GUEs as effective two-level emitters unidirectionally coupled to a transmission
line. The system dissipates towards a pure steady-state with emitters pairing up in an entangled state |D〉. (e) Directionality
βdir of emitted photons, with ∆k = 0 and rk = 0.2, γk = γ. (f) Averaged directionality βdir for J = Jopt, φ = φopt and ∆k = 0,
obtained with uniformly distributed r1, r2, γ1 and γ2, with means rk = 0.2, γk = γ and standard deviations
√
r2k − rk2 = δr,√
γ2k − γk2 = δγ.
architecture is passive and tunable in situ, and, as we
will show, the required experimental parameters and im-
perfections are achievable with current technology.
Our results presented below are organized as follows.
In Sec. II we describe and analyse the design of giant uni-
directional emitters (GUEs) as composite artificial atoms
with an effective V-level structure, with each transition
absorbing and emitting photons along a single direction
in a waveguide, and present in Sec. III a possible imple-
mentation with superconducting transmon qubits. Next,
we study in Sec. IV the cascaded driven-dissipative dy-
namics arising when several such unidirectional emit-
ters are driven via the waveguide. Finally, in Sec. V
we describe how these emitters can act as unidirectional
photonic interfaces for additional long-lived stationary
qubits, which enables applications for quantum network-
ing such as quantum state transfer between distant sta-
tionary qubits, and the generation and manipulation of
stabilizer codes for quantum error correction.
II. MODEL OF UNIDIRECTIONAL QUANTUM
EMITTERS
Our model for designing unidirectional quantum emit-
ters is represented in Fig. 1(a), and consists of two inter-
acting artificial atoms as anharmonic oscillators coupled
at two distant points to a waveguide. The dynamics of
these two atoms, within the rotating wave approxima-
tion, is described by the Hamiltonian (with ~ = 1)
Hˆa =
2∑
k=1
ωkaˆ
†
kaˆk − (Uk/2) aˆ†kaˆ†kaˆkaˆk
+ J
(
aˆ†1aˆ2 + aˆ
†
2aˆ1
)− χaˆ†1aˆ1aˆ†2aˆ2.
(1)
Here ωk is the transition frequency of each atom k, Uk
denotes their anharmonicity, and aˆk is their annihilation
operator, which satisfies [aˆk, aˆ
†
l ] = δk,l. The second line
in Eq. (1) describes the interaction between atoms, with
linear exchange interaction rate J , and non-linear cross-
Kerr frequency χ, which can be implemented with two
superconducting transmon qubits coupled via a SQUID
(see Fig. 1(c) and discussion below).
The waveguide has a continuous spectrum of modes de-
scribed over the relevant bandwidth by the bare Hamil-
tonian Hˆph =
∫
dωω[bˆ†R(ω)bˆR(ω) + bˆ
†
L(ω)bˆL(ω)], where
bˆd(ω) is the annihilation operator for photons with fre-
quency ω propagating to the right (with d = R) or to
the left (with d = L), and satisfies [bˆd(ω), bˆ
†
d′(ω
′)] =
δ(ω − ω′)δd,d′ . Finally, the coupling between the atoms
and the waveguide yields, within the rotating wave ap-
3proximation, the Hamiltonian
Hˆint =
1√
2pi
∫
dω
[
bˆ†R(ω)
(
eiωd/vg Lˆ1 + Lˆ2
)
+bˆ†L(ω)
(
Lˆ1 + e
iωd/vg Lˆ2
)
+ h.c.
]
.
(2)
Here Lˆ1 =
√
γ1(aˆ1 + r2aˆ2) and Lˆ2 =
√
γ2(aˆ2 + r1aˆ1) are
the coupling operators associated to each coupling point,
with coupling rates γk (which we assume constant over
the relevant bandwidth) and small cross-coupling coeffi-
cients rk (see implementation below), d is the distance
of separation between the two coupling points along the
waveguide, and vg is the group velocity of photons in the
waveguide.
Within a markovian approximation (i.e., assuming
γkd/vg  1), the dynamics of the field can be integrated
and treated as a reservoir for the atoms, and we obtain
for the Heisenberg equation of motion for an arbitrary
atomic operator Oˆ(t) the quantum Langevin equation
(see details in Supplementary Section A)
d
dt
Oˆ(t) =− i
[
Oˆ, Hˆeff
]
+
∑
d=R,L
Lˆ†dOˆLˆd −
1
2
{
Lˆ†dLˆd, Oˆ
}
+
∑
d=R,L
[bˆind (t)]
†[Oˆ, Lˆd] + [Lˆ
†
d, Oˆ]bˆ
in
d (t),
(3)
expressed in a rotating frame with respect to a central
frequency ω0, and in an interaction picture with respect
to the waveguide Hamiltonian Hˆph. Here the effective
Hamiltonian reads
Hˆeff =−
2∑
k=1
∆kaˆ
†
kaˆk −
(
Uk/2
)
aˆ†kaˆ
†
kaˆkaˆk − χaˆ†1aˆ1aˆ†2aˆ2
+ J
(
aˆ†1aˆ2 + aˆ
†
2aˆ1
)
+ sin(φ)
(
Lˆ†2Lˆ1 + Lˆ
†
1Lˆ2
)
,
(4)
with ∆k = ω0 − ωk, where the last term emerges from a
coherent exchange of photons propagating in the waveg-
uide between the two coupling points, with φ = ω0d/vg
the phase acquired by a photon in the propagation.
On the other hand, the collective coupling operators in
Eq. (3) represent the collective couplings of the atoms to
right- and left-propagating photons due to interference
of photon emission and absorption in the reservoir, and
are defined respectively as LˆR(t) = e
iφLˆ1(t) + Lˆ2(t) and
LˆL(t) = Lˆ1(t) + e
iφLˆ2(t). Finally, bˆ
in
d (t) represents the
input fields of the waveguide propagating along direction
d, and is related to the output fields via [25]
bˆoutd (t) = bˆ
in
d (t) + Lˆd(t), (5)
with [bˆ
in/out
d (t), (bˆ
in/out
d′ (t
′))†] = δ(t − t′)δd,d′ . The
emergence of unidirectional coupling between propagat-
ing photons and the composite two-atom system, from
Eqs. (3) and (5), occurs under the following two condi-
tions.
(I) First, the two collective coupling operators LˆR and
LˆL must be orthogonal, i.e., [Lˆ
†
L, LˆR] = 0, such that
each operator Lˆd couples only to the corresponding input
fields bˆind (t) in Eq. (3). Here, this condition requires the
system parameters to be symmetric, i.e., r1 = r2 = r
and γ1 = γ2 = γ, while the propagation phase must
be set to φ = φopt, with the optimal propagation phase
φopt = pi/2 + 2 arctan(r). With these parameters, the
collective coupling operators reduce to LˆR/L =
√
γraˆR/L,
up to an irrelevant phase factor, with the definition of two
orthogonal delocalized atomic modes aˆR = (iaˆ1 + aˆ2)/
√
2
and aˆL = (aˆ1 +iaˆ2)/
√
2, and where the effective coupling
strength of the system to the waveguide is given by γr =
2γ
(
1 + 2r cos[φopt] + r
2
)
.
(II) Second, the excitations associated to these two
modes aˆR and aˆL must be eigenstates of the effective
Hamiltonian Hˆeff. For states with a single atomic exci-
tation, i.e., |R〉 = aˆ†R |G〉 and |L〉 = aˆL |G〉 with |G〉 =|0102〉 the ground state of both atoms, this is achieved by
taking symmetric detunings ∆1 = ∆2 ≡ ∆+2rγ sin(φopt)
and J = Jopt, with the optimal hopping rate given by
Jopt = −γ(1 + r2) sin(φopt). The two excited states
|R〉 and |L〉 are then eigenstate of Hˆeff with eigenener-
gies −∆. The non-linear cross-Kerr interaction with fre-
quency χ, on the other hand, is introduced in the model
in order to prevent the excitation of the doubly-excited
state |1112〉 when driving the system via the input fields,
as we will consider below.
When these two conditions are fulfilled, the compos-
ite emitter will absorb and reemit propagating photons
along the same direction. In order to assess this direc-
tionality in a more general case, we assume the emit-
ter is prepared in state |R〉 at time t = 0 with the
waveguide in the vacuum state, and solve the dynam-
ics of the system, which yields the emission of a pho-
ton in the waveguide, with the emitter returning to its
ground state |G〉. The temporal shapes of the wavepacket
amplitudes of the emitted photon propagating to the
right/left are then obtained using a Wigner-Weisskopf
ansatz (see details in Supplementary Section A) as
fR/L(t) ≡ 〈G| bˆoutR/L(t) |R〉 = 〈G|LˆR/LL−1[Fˆ−1(s) |R〉],
where L[·](s) denotes the Laplace transform, and the evo-
lution of the atomic excitation amplitudes is governed by
the operator
Fˆ (s) = s+ iHˆeff +
1
2
(
Lˆ†RLˆR + Lˆ
†
LLˆL
)
. (6)
We then define the directionality of photon emission
as βdir =
∫∞
0
|fR(t)|2dt. This directionality of emitted
photons is represented in Fig. 1(e,f). Fig. 1(e) shows
that very good directionalities can be achieved even with
relatively large imprecisions on J and φ around their
optimal values, e.g. due to fabrication imperfections.
Here we obtain βdir > 99% for |J − Jopt| . γ/10 and
|φ − φopt| . pi/10. This robustness to imperfections is
also observable in Fig. 1(f), where we show the average
directionality βdir obtained with random static deviations
of rk and γk. We obtain βdir > 99% as long as the fluc-
tuation in the coupling parameters are below δγ . 0.1γ
and δr . 0.05.
4III. IMPLEMENTATION WITH
SUPERCONDUCTING CIRCUITS
Our model can be implemented with the circuit repre-
sented in Fig. 1(c), which consists of two superconducting
transmon qubits (k = 1, 2) with flux-tunable Josephson
energies EkJ and charging energies E
k
C = e
2/(2Ceffk ) [26],
where e is the elementary charge and Ceffk are the effec-
tive transmon capacitances (see details in Supplementary
Section B). The interaction between transmons is medi-
ated by a SQUID, acting as a non-linear element with
flux-tunable Josephson energy EJ and with capacitance
C. We note that such tunable non-linear couplings me-
diated by Josephson junctions were demonstrated in re-
cent experiments [27–29], and find applications for quan-
tum simulation [30–32] and quantum information pro-
cessing [33].
Following standard quantization procedures, the
Hamiltonian for the circuit can be expressed as in Eq. (1)
(see details in Supplementary Section B). In particular,
analytical insight on the resulting system parameters can
be gained in the regime of weakly coupled transmons,
with EkC  EkJ , EJ  EkJ and C  Ck. In this limit,
an estimation of the various parameters of the model
can be made in terms of the circuit parameters, with
the atomic transition frequencies taking the expression
ωk ≈
√
8EkJE
k
C , while the atomic anharmonicities read
Uk ≈ EkC . The interaction between atoms contains a lin-
ear hopping term J = JC − JI , with a capacitive (JC)
and an inductive (JI) contribution reading
JC ≈ ω0 C
2
√
Ceff1 C
eff
2
, JI ≈ ω0 EJ
2
√
E1JE
2
J
, (7)
while the cross-Kerr interaction term reads
χ = 2EJ
√
E1CE
2
C
E1JE
2
J
. (8)
We note that the three Josephson energies in Fig. 1(c)
can be independently controlled via flux biases, allow-
ing for an independent in situ fine-tuning of the de-
tunings ∆k and the hopping rate J . The couplings to
the waveguide on the other hand are given by γk =
(c′k/C
eff
k )
2ω0e
2Z0
√
EkJ/(8E
k
C), with c
′
k the coupling ca-
pacitances and Z0 the transmission line impedance [34,
35]. The capacitance C introduces as well small cross-
coupling coefficients rk = C/C
eff
k , resulting in photon
emission from each artificial atom via both coupling
points.
IV. DRIVEN-DISSIPATIVE DYNAMICS OF
CASCADED QUANTUM NETWORKS
Although the properties of unidirectional emission of
our GUE studied above preserve Lorentz reciprocity,
i.e., they are invariant under the exchange of left- and
right-propagating modes, driving the system through the
waveguide allows one to effectively achieve non-reciprocal
interactions between artificial atoms. A paradigmatic ex-
ample of such a situation is represented in Fig. 1(d),
where several GUEs are coherently driven via right-
propagating modes, thus driving the aˆR transition as rep-
resented in Fig. 1(b). Photons emitted by each emitter
will then also propagate to the right, leading to an effec-
tive cascaded quantum dynamics, where each GUE drives
the other ones downstream, without any back-action [36–
38].
This scenario has been studied in recent years in a
different context, in a field known in the literature as
“chiral quantum optics” [19], which originated from ex-
periments with quantum emitters in the optical domain,
such as atoms [39–42] or quantum dots [43–46], cou-
pled to photonic 1D nanostructures. The strong con-
finement of light in these structures gives rise to a so-
called “spin-momentum locking” effect [47], allowing for
unidirectional couplings between photons and emitters
which, in an analogous way to our GUE, does not by itself
break Lorentz reciprocity. Besides, building on non-local
couplings of quantum emitters to 1D reservoirs, chiral
quantum optical systems could also be realized in AMO
platforms with broken reciprocity [48–50]. While pho-
ton losses inherent to optical platforms form experimen-
tal challenges, the near-ideal mode matching of artificial
atoms coupled to 1D transmission lines presents new op-
portunities to realize this paradigm, in the microwave do-
main [51, 52]. Interestingly, it has been predicted that,
for several quantum emitters, the ensuing cascaded dy-
namics in the presence of a coherent drive results in the
dissipative preparation of quantum dimers, with quan-
tum emitters pairing up in a dark, entangled state [53–
55], as we will show below.
In order to study the dynamics of an ensemble of N
GUEs (labeled n = 1, . . . , N) interacting via a common
waveguide, we employ the SLH input-output formalism
[56–58]. The SLH framework provides a methodical ap-
proach for modeling such composite quantum systems in-
teracting via the exchange of propagating photons, where
we assume that non-Markovian effects, due e.g. to the fi-
nite propagation time of photons exchanged by the emit-
ters [59], can be neglected. As detailed in the Supplemen-
tary Section D, the dynamics of the network of N GUEs
can then be obtained from the input-output properties
of each individual GUE, by recursively applying compo-
sition rules of the SLH formalism in a “bottom-up” fash-
ion. The evolution of an arbitrary atomic operator Oˆ(t)
in the rotating frame then obeys a quantum Langevin
equation as expressed in Eq. (3), with a redefinition of
the effective Hamiltonian and of the coupling operators.
Denoting the various parameters and operators associ-
ated with each GUE with a corresponding superscript n,
5we obtain for the effective Hamiltonian
Hˆeff =
∑
n
Hˆneff −
i
2
∑
n,m<n
[
(LˆnR)
†LˆmR e
iφ˜(n−m) − h.c.
]
− i
2
∑
n,m>n
[
(LˆnL)
†LˆmL e
iφ˜(m−n) − h.c.
]
,
(9)
with the photon propagation phase φ˜ = ω0l/vg where
l is the distance between two neighbouring composite
emitters along the waveguide. We note that the two
new terms in Eq. (9) correspond to excitation exchange
interactions between different GUEs, mediated respec-
tively by right- and left-propagating photons. For the
coupling operators on the other hand, we obtain LˆR =∑
n e
iφ˜(N−n)LˆnR and LˆL =
∑
n e
iφ˜(n−1)LˆnL, which repre-
sent interference in the atom-field coupling between the
emitters.
The presence of a coherent drive via the right-
propagating waveguide modes, with amplitude α(t) [and
corresponding Rabi frequency Ω(t) =
√
γrα(t)], can be
accounted for by assuming the initial state of the waveg-
uide |αR〉 satisfies bˆind (t) |αR〉 = α(t)δd,R |αR〉. Writing
〈Oˆ(t)〉 = Tr[Oˆρˆ(t)], with ρˆ the atomic density matrix,
the temporal evolution from Eq. (3) then yields the mas-
ter equation
d
dt
ρˆ = −i
[
Hˆeff − iα(t)Lˆ†R + iα∗(t)LˆR, ρˆ
]
+D[LˆR]ρˆ+D[LˆL]ρˆ, (10)
where D[aˆ]ρˆ = aˆρˆaˆ† − 12{aˆ†aˆ, ρˆ}. Eq. (10) allows to ac-
cess the evolution and steady-state values of observables
with a finite drive amplitude α. In order to account for
additional imperfections, we also add in Eq. (10) dephas-
ing terms 2γϕ
∑
n,k D[(aˆnk )†aˆnk ] and non-radiative decay
terms γnr
∑
n,k D[aˆnk ].
In Fig. 2(a,b) we represent the ratio of left- and right-
propagating emitted photons obtained in the steady-
state of the dynamics for N = 1, with J and φ set to
their optimal values, and a constant real Rabi frequency
Ω (i.e., the drive frequency is ω0). Fig. 2(a) shows that,
since directionality arises in our setup as interference of
emission of the two atoms, the dephasing rate γϕ spoils
the interference and induces some emission to the left
with an intensity scaling linearly for low Rabi frequency
Ω. As Ω increases with respect to the effective anhar-
monicities χ and Uk, the intensity of left-propagating
photons increases, as states with more than a single exci-
tation get populated. This population increase can also
be observed as the dashed red curves in Fig. 2(b), and we
thus require Ω χ in order to retain a two-level dynam-
ics. We also note that when χ = U1 = U2 in Fig. 2(b),
the emission to the left vanishes even when states with
several excitations are populated, as for these parame-
ters states with several excitations (aˆ†R)
nR(aˆ†L)
nL |G〉 be-
come eigenstates of Hˆeff for all nR/L ≥ 0, thus preserv-
ing the property of unidirectional emission. Note that in
hLˆ†LLˆLi/hLˆ†RLˆRi
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FIG. 2. Driven-dissipative dynamics. (a,b) Ratio of
left- and right-propagating photon intensities, in the steady-
state, emitted by the artificial atoms when coherently driven
through the waveguide, with γk = γ, ∆k = 0, rk = 0.2,
Uk = 100γ, γnr = 0.01γ, J = Jopt, φ = φopt. (a) χ = 50γ.
Dashed red: γϕ/γr. (b) γϕ = 0.01γ. Dashed red: prob-
ability of 10−2 and 10−3 (resp. top and bottom) of hav-
ing two or more excitations in the atoms. Dashed grey:
χ = U1 = U2. (c,d) Cascaded dynamics with N = 2 GUEs,
with rk = 0.2, Uk = 500γ, φ˜ = 0, and γnr = γϕ. (c) Ω = γ,
χ = 50γ, γϕ = 0.01γ. (d) Steady-state overlap 〈D| ρˆ |D〉,
with Ω ∈ [1, 10]γ (light to dark blue), and γϕ = 0.01γ. Inset:
χ→∞, red dashed curve ∝ Ω2γϕ/γ3r .
the regime of weakly coupled transmons (C  Ck and
EJ  EkJ) considered above, the value of U is limited
by the fact that, from Eq. (8) and Uk ≈ EkC , we have
χ  2√U1U2. Achieving larger values thus requires go-
ing beyond the weak coupling regime. This is discussed
in the Supplementary Section B, where we also study
the validity of the analytical expressions for the effective
model in Eqs. (7) and (8). Typical achievable values for
χ range from 0 to ∼ 2pi × 50 MHz with Uk = 2pi × 300
MHz.
In the ideal case where the parameters satisfy the
properties of unidirectional coupling and the anhar-
monicities χ and Uk are large enough with respect to
the Rabi frequency Ω of the drive, the state of the
emitters will thus remain within the two-level manifold⊗
n{|G〉n , |R〉n}. Denoting here σˆn+ = eiφ˜n |R〉n〈G|, the
dynamics of Eq. (10) then reduces to a cascaded master
equation [36, 37]
d
dt
ρˆeff = −i
(
Hˆnhρˆeff − ρˆeffHˆ†nh
)
+ LˆRρˆeffLˆ
†
R, (11)
where ρˆeff denotes the density matrix of the system ex-
pressed in the reduced 2N -dimensional manifold, and
where the effective non-Hermitian Hamiltonian reads, as-
6suming Ω real,
Hˆnh =−∆
∑
n
σˆn+σˆ
n
− − iΩ(σˆn+ − σˆn−)
− iγr
2
∑
n
σˆn+σ
n
− − iγr
∑
n>m
σˆn+σˆ
m
− .
(12)
The dynamics generated by Eq. (11) induces an effective
non-reciprocal interaction between the qubits: as seen
from the expression of Eq. (12), an excitation in each
qubit m can be coherently transferred only to qubits
n > m located to its right. While the reduced den-
sity matrix of any single GUE is in general mixed, for
even N the state of the whole system dissipates towards
a pure steady-state |Ψ〉 = ⊗N/2n=1 |D〉2n−1,2n, where, as
represented in Fig. 1(d), neighbouring qubits pair up as
dimers in a two-qubit entangled state [53–55]
|D〉2n−1,2n ∝ |G〉2n−1 |G〉2n − 2
√
2
Ω
γr
|S〉2n−1,2n , (13)
with |S〉2n−1,2n = (|R〉2n−1 |G〉2n − |G〉2n−1 |R〉2n)/
√
2.
Remarkably, once the system has reached this dark state
|D〉, all photons emitted by qubit 2n − 1 are coherently
absorbed by qubit 2n, such that each dimer effectively
decouples from the waveguide radiation field.
The dynamics obtained for a pair of N = 2 GUEs
is represented in Fig. 2(c,d). In Fig. 2(c) we observe the
purification process described above where, in the steady-
state, the system dissipates towards the pure state |D〉,
as represented in the red curves. Strikingly, although
the atoms are excited (see green curve), the amount of
scattered photons, represented in blue, vanishes in the
steady-state, i.e., the system becomes dark and decouples
from the waveguide. We note that in the transient dy-
namics, i.e., before reaching the steady-state, photons are
scattered unidirectionally by the emitters, which leads to
a decrease of the purity Tr(ρˆ2). Moreover, the purity
of the reduced density matrix ρˆ(n) for each GUE n re-
mains low in the steady-state (see black curves), as they
become entangled. The steady-state overlap 〈D| ρˆ |D〉 is
represented in Fig. 2(d), which shows a requirement for
a large χ with respect to the drive intensity |Ω|2/γr. The
effect of imperfections due to dephasing and finite exci-
tation lifetimes is represented in the inset, which shows
that the steady-state overlap with the dark state becomes
unity in the limit χ→∞ and γnr = γφ = 0.
V. QUANTUM INFORMATION ROUTING FOR
QUANTUM NETWORKING AND COMPUTING
Our approach enables the realization of large scale
quantum processing units, where quantum information is
processed in local nodes, and routed using unidirectional
emitters. The setup we have in mind is represented in
Fig. 3(a), where we represent a possible such architec-
ture, with a set of stationary atomic qubits acting as
(a)
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FIG. 3. Architecture for quantum information routing. (a) An
array of qubits (n = 1, . . . , N) is coupled to one of two trans-
mission lines, labeled “up” and “down”, via GUEs. A propa-
gating photon scatters sequentially on the qubits, while linear
optical elements performing unitary transformations Un cou-
ple the transmission lines. A projective measurement of the
qubits is performed upon detecting the photon at the out-
put. (b) Model for the qubit-GUE interaction in each node n
with cross-Kerr frequencies V n1 and V
n
2 , and (c) correspond-
ing superconducting implementation adapted from Fig. 1(c).
(d) Quantum circuit realized using the setup in (a), where the
double circles represent controlled-Z gates between the qubits
and the photon as virtual “flying qubit” with states |up〉ph
and |down〉ph, corresponding to the photon propagating in
transmission line “up” and “down”, respectively.
quantum register, and GUEs acting as an interface be-
tween a waveguide and the stationary qubits. The idea
is to mediate effective long-range multi-qubit interactions
by using (i) sequences of scattering events induced by uni-
directional couplings between a single photon as “flying
qubit” and each stationary qubit, (ii) local single-qubit
operations, and (iii) linear optics represented by unitary
operations Un acting on two waveguides, including in par-
ticular 50/50 beam-splitter operations. The applicability
of this architecture is illustrated below for quantum state
transfer between distant stationary qubits, as well as the
generation and manipulation of stabilizer codes.
The scattering events are designed as follows [see
Fig. 3(b)]. Denoting the parameters and operators asso-
ciated with node n = 1, . . . N with an index n, each GUE
is initially prepared in its ground state |G〉n, and returns
to this state after the photon scattering. The coupling be-
tween each stationary qubit (with states {|0〉q,n , |1〉q,n})
and its GUE consists of a purely non-linear cross-Kerr
interaction, which can be described the Hamiltonian
HˆV =
∑
n Hˆ
n
V , where (see details in Supplementary Sec-
tion C)
HˆnV = − |1〉q,n〈1|
[
V n1 (aˆ
n
1 )
†aˆn1 + V
n
2 (aˆ
n
2 )
†aˆn2
]
, (14)
7ideally with identical frequencies V n1 = V
n
2 ≡ V . The
effect of this interaction is then to shift the frequency
of the excited states of the GUEs by V , conditional on
qubit atom n being in state |1〉q,n, without breaking the
properties of unidirectional coupling discussed above. A
possible implementation of this interaction term with su-
perconducting circuits, adapted from Fig. 1(c), is repre-
sented in Fig. 3(c), where the qubit atom is coupled via
two SQUIDs to the GUE atoms. We note that (i) the an-
harmonicity of the GUEs is inconsequential for the ap-
plications considered in this section as we consider the
scattering of single photons, hence for simplicity the cou-
pling between the artificial atoms of the GUEs are taken
purely capacitive, and (ii) the presence of capacitances
in the coupling SQUIDs between the stationary qubit
and the GUE induces a small direct coupling between
the qubit and the waveguide modes, which could dete-
riorate the qubit lifetime; however, this coupling can be
cancelled by subradiance due to interference in the pho-
ton emission from both coupling points, by taking the
qubit transition frequency ωq such that ωqd/vg is an odd
multiple of pi (see details in Supplementary Section C).
The scattering of a photon on a single node n, repre-
sented in Fig. 3(b), is described within the input-output
formalism by a single-photon scattering operator
Sˆnd′,d(νp, δp) = 〈vac, Gn| bˆoutd′ (νp)[bˆind (δp)]† |vac, Gn〉 ,
(15)
where |vac, Gn〉 denotes the vacuum state of the waveg-
uide, with the GUE in its ground state |G〉n, and the in-
put and output field operators in the frequency domain
are defined via bˆ
in/out
d (δp) = (−i/
√
2pi)
∫
dtbˆ
in/out
d (t)e
iδpt.
The single-photon scattering operator represents the ac-
tion of the temporal evolution operator on qubit n, con-
ditional on having an input photon with detuning δp
(with respect to ω0), propagating in direction d [either
right (R) or left (L)] be scattered in direction d′ with
detuning νp. We consider a right-propagating input pho-
ton with frequency distribution given by some function
f(δp) with qubit atom n in some state |ψ〉q,n, and write
the state of the system before the scattering as |in〉 =∫
dδpf(δp)[bˆ
in
R(δp)]
† |vac, Gn〉 |ψ〉q,n. The state after the
scattering can then be expressed from Eq. (15) as |out〉 =∑
d′
∫
dδpdνpf(δp)Sˆnd′,R(νp, δp)[bˆoutd′ (νp)]† |vac, Gn〉 |ψ〉q,n.
The single-photon scattering operator in Eq. (15) can
be obtained by using the quantum Langevin equation (3)
and the input-output relation (5) (see details in Supple-
mentary Section D). In particular, under the conditions
for unidirectional coupling of the GUEs to the waveg-
uide as discussed above, we find SˆnL,R(νp, δp) = 0 and
SˆnR,R(νp, δp) = δ(νp−δp)σˆn(δp), with the Dirac δ-function
representing the conservation of the photon frequency in
the scattering, and where
σˆn(δp) = t
(
∆n + δp
) |0〉q,n〈0|+ t(∆n + δp + V ) |1〉q,n〈1| ,
(16)
with the phase shift t(δp) = (2iδp + γr)/(2iδp − γr). The
operator σˆn(δp) realizes a generic phase gate on qubit
n. Assuming the photon has a sharp frequency distri-
bution f(δp) around δp = 0 relative to γr, by taking
V = γr this phase gate can be parametrized by the
value of the tunable detuning ∆n from GUE n. When
∆n = −γr/2, the two terms in Eq. (16) acquire an op-
posite pi/2 phase, and the phase gate becomes the Pauli
operator σˆnz = |0〉q,n〈0| − |1〉q,n〈1|, up to an irrelevant
global phase which can be absorbed in a redefinition of
the phase of the output field operator bˆoutR (δp). When
∆n  γr on the other hand, these two terms become
identical, and the phase gate reduces to the identity op-
erator 1.
This effective unidirectional photon – qubit interac-
tion finds immediate applications for the detection of
individual itinerant microwave photons, which is a cur-
rent technological challenge [60–66]. This can be realized
here with a Ramsey sequence, by preparing the atomic
qubit in state |+〉q,n, with |±〉 ≡ (± |0〉+ |1〉)/
√
2. With
∆n = −γr/2, a resonant photon will be scattered unidi-
rectionally by the GUE, while qubit atom n will be left in
state |−〉q,n. The photon can then be detected by mea-
suring the qubit state after applying a Ramsey pi/2-pulse,
which realizes a quantum non-demolition measurement of
the itinerant photon, in analogy to the cavity-QED ex-
periments in Refs. [60–64]. The resonance frequency ω0
of this detector can be tuned, while the detection band-
width is given by γr (see details in Supplementary Sec-
tion E).
In order to describe the more generic setup in Fig. 3(a),
which now includes two waveguides as well as N nodes,
we make use of the SLH input-output formalism as dis-
cussed above (see details in Supplementary Section D).
We write the input and output field operators in the fre-
quency domain as bˆ
in/out
d,j (δ), which now contains an addi-
tional index j ∈ {up,down} labelling the two waveguides.
The single-photon scattering operator for the whole sys-
tem
Sˆj,id′,d(νp, δp) = 〈vac,G| bˆoutd′,j(νp)[bˆind,i(δp)]† |vac,G〉 , (17)
where |vac,G〉 = |vac〉⊗Nn=1 |G〉n, then contains two ad-
ditional indices representing the input line i and the out-
put line j of the scattered photon. The derivation and
general expression of this operator are provided in the
Supplementary Section D.
In the ideal case where each GUE scatters photons
unidirectionally, the scattering operator factorizes as
Sˆj,iL,R(ν, δ) = 0 and we obtain
Sˆj,iR,R(νp, δp) = δ(νp−δp)eiφ˜N
[
UN
N∏
n=1
(
Sˆn(δp)Un−1
)]
j,i
,
(18)
with the convention
∏N
n=1An = AN . . . A1, where the
propagation phase φ˜ = ω0l/vg (with l the distance
along the waveguide between two neighbouring nodes [see
Fig. 3(a)]) enters only as a trivial global phase. Here Un
denote the linear optical elements acting on the photonic
8FIG. 4. Protocol for quantum state transfer. (a) Setup and
(b) corresponding quantum circuit realizing quantum state
transfer from qubit atoms 1 to N . Hadamard photonic gates
Hˆ are realized as 50/50 beam-splitters. The dashed red frame
represents the action of the scattered photon, with the cor-
responding quantum circuit realizing a controlled-Z gate be-
tween the two qubits. Upon detection of the photon at the
output and reading out the final state of qubit 1, the initial
superposition state |ψ〉q,1 is transferred to |ψ〉q,N .
channels, as shown in Fig. 3(a). They can be represented
as 2-dimensional unitary matrices acting on a vectorial
space which we denote as {|up〉ph , |down〉ph}, where the
basis vectors |up/down〉ph, correspond to the transmis-
sion line (either “up” or “down”) in which the photon
propagates. On this vectorial space the objects Sˆn(δ)
are diagonal matrices of qubit operators, which repre-
sent the photon scattering on each node. They are de-
fined as Sˆn(δp) |down〉ph = |down〉ph and Sˆn(δp) |up〉ph =
|up〉ph σˆn(δp) as expressed in Eq. (16).
The operator Sˆn(δp) thus realizes a frequency-
dependent controlled-phase gate between the propa-
gating photon as a “flying” control qubit with states
|down〉ph and |up〉ph, and qubit atom n. For the appli-
cations discussed in the following the parameter ∆n will
always be chosen such that the effective interaction in
Sˆn(δp = 0), between a resonant photon and qubit atom n,
is either trivial (with ∆n  γr), or realizes a controlled-Z
gate |down〉ph〈down|+ |up〉ph〈up| σˆnz (with ∆n = −γr/2)
as represented in Fig. 3(d).
The entanglement structure of the scattering operator
Sˆj,iR,R(νp, δp) in Eq. (18) is that of a matrix product opera-
tor [67] with bond dimension 2, which is a consequence of
quantum information being carried in the network by a
propagating photonic qubit. The photon scattering will
thus generate entanglement in the qubit array, which can
be used e.g. to prepare it in a matrix product state [67]
such as a GHZ state or 1D cluster state [68] (see details
in Supplementary Section F). We note that this bond di-
mension, i.e., the amount of entanglement generatable by
scattering a photon in the system, can in principle be in-
creased by expanding the dimensionality of the photonic
Hilbert space, e.g. by adding more waveguides.
As a first illustration of the working principles of this
passive architecture, we consider one of the most basic
protocol requiring quantum information routing, namely
quantum state transfer between two stationary qubits.
Here, the goal is to transfer a superposition state from
one qubit atom, e.g. with n = 1, to another (possibly dis-
tant) one, e.g. with n = N , as represented in Fig. 4(a).
This is achieved by engineering the effective photon –
qubit interaction in such a way that the scattering oper-
ator in Eq. (18) realizes an effective controlled-Z gate be-
tween the distant qubits, thereby enabling universal quan-
tum computation in our architecture. The corresponding
protocol circuit is represented in Fig. 4(b), which shows
how the initial state of qubit 1 |ψ〉q,1 = c0 |0〉q,1 +c1 |1〉q,1
(with |c0|2 + |c1|2 = 1) is transferred as |ψ〉q,N upon
detection of the photon at the output, while quantum
information is erased from qubit 1. Here σˆz gates are
applied conditional on the measurement of the photonic
qubit in state |up〉ph, and of qubit 1 in state |1〉q,1. The
Hadamard gates are defined for the atomic qubits as
Hˆ = |+〉q,n〈0|+|−〉q,n〈1|, and are similarly defined for the
photonic qubit by replacing |0/1〉q,n with |down/up〉ph.
Assuming perfect control over the other parameters of
the system, the average fidelity for the quantum state
transfer protocol, as defined in the Supplementary Sec-
tion G, will depend on the photon frequency distri-
bution f(δp) as FQST =
∫
dδp|f(δp)|2FQST(δp), where
FQST(δp) = 1−2(δp/γr)2 +O(δp/γr)3. This sets a bound
to the bandwidth ∆ω of f(δp) as ∆ω  γr, and thus to
the duration T of the protocol as T ≥ 1/∆ω (see below).
Standard strategies for heralded quantum communica-
tion [69] can be translated to our protocol in Fig. 4(a),
by adding ancillary stationary qubits to each node as
quantum state “backups”, thus enabling quantum com-
munication with high fidelity, even with photon losses
due for instance to amplitude attenuation in the waveg-
uides or imperfect photon detection (see Supplementary
Section G). We note that, as discussed above, the photon
detection can also be realized using additional nodes as
detectors.
As a second application of our architecture for quan-
tum networking, we now show that the setup of Fig. 3(a)
allows to perform entangling operations on many station-
ary qubits, and can be used to passively probe and mea-
sure many-body operators, such as stabilizers of stabi-
lizer codes for quantum error correction [24]. A standard
approach for measuring such stabilizer operators consists
in entangling the qubits with an ancilla using two-body
interactions; the stabilizers can then be accessed by mea-
suring the ancilla [70–72]. Building on a previous proto-
col for measuring the parity of a pair of quantum dots as
unidirectional emitters [73], the measurement of stabiliz-
ers is achieved here using an interferometric setup with
photonic qubits as ancillas, where the only non-trivial
operations on the photons are U0 = UN = Hˆ, and one
9FIG. 5. Toric code generation and manipulation. (a) Abstract
representation of a toric code, where qubits are located on the
edges of a 2D lattice with periodic boundary conditions, with
here N = 8 qubits. The two types of stabilizers Aˆp and Bˆv are
represented. (b) Quantum circuit realizing a measurement of
the stabilizer Aˆp represented in (a), and (c) corresponding
interferometric setup, with the detunings ∆n of the GUEs
chosen such that only nodes 1, 5, 7 and 8 are resonant with
the photon.
obtains for the scattering operator of Eq. (18)
Sˆj,downR,R (νp, δp) = δ(νp−δp)eiφ˜N
1 + (−1)δj,down∏n σˆn(δp)
2
.
(19)
We recall that, with the parameters discussed above,
for each stationary qubit n we chose the parameters of
the system such that the operator σˆn(δp) is either the
identity operator 1 or the Pauli operator σˆnz when δp = 0.
Defining an arbitrary subset I of the qubit array, the
operator in Eq. (19) can thus be applied to entangle the
state of the output photonic qubit (given by the index j)
with the parity PˆI =
∏
n∈I σˆ
n
z of the interacting qubits,
which can then be measured by detecting the photon.
More generally, allowing local unitary operations to be
performed on the stationary qubits before and after the
scattering enables the measurement of any operator of
the form
∏
n∈I σˆ
n, where σˆn is an arbitrary rotation
of σˆnz on the Bloch sphere. Examples of such operators
are the stabilizers of cluster states, which are universal
resources for quantum computation [74], and of stabilizer
codes, where logical qubits are redundantly encoded in
many physical qubits and protected by topology [24].
Despite tremendous recent experimental progress to-
wards the realization of stabilizer codes in superconduct-
ing platforms [75–80], scaling up the code distance (i.e.,
the number of physical qubits) beyond a few qubits re-
mains a great challenge. As we show in the following,
our architecture offers a naturally scalable approach to
passively probe stabilizers, and thus generate and manip-
ulate stabilizer codes. As an example of stabilizer code,
we consider the toric code [81], where qubits are located
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FIG. 6. Stabilizer measurements. Fidelity FZ(δp) for the
measurement of the parity operator PˆI on nG qubits prepared
in state |Ψ+〉, with φ = φopt, γ1 = γ2, rk = 0 and ∆n =
−γr/2. (a) V n1 = V n2 = γr, δp = 0, nG = 4. (b-d) J = Jopt,
φ˜ = 0. (b) δp = 0, nG = 4. (c) δp = 0, V
n
1 = V
n
2 = V .
(d) V n1 = V
n
2 = γr.
on edges of a lattice with periodic boundary conditions.
A minimal instance with N = 8 qubits is represented in
Fig. 5(a). The toric code has two types of stabilizers: for
each plaquette p and each vertex v of the lattice we asso-
ciate the stabilizers Aˆp =
∏
n∈p σˆ
n
z and Bˆv =
∏
n∈v σˆ
n
x ,
with σˆnx = |0〉q,n〈1| + |1〉q,n〈0|. The logical subspace for
encoding quantum information then consists of the four
states which are eigenstates of all these stabilizers, with
eigenvalue +1. A protocol for preparing the system in
one of these four states consists in initializing all qubits
in state
⊗
n |+〉q,n. The plaquette operators Aˆp are then
sequentially measured, and the system can be brought
to the desired state by applying single-qubit σˆnx gates af-
terwards, conditioned on the measurement outcomes (see
Supplementary Section H).
In Fig. 5(b,c) we represent the quantum circuit and
the setup realizing the measurement of the operator Aˆp
shown in Fig. 5(a). Similar protocols, realized by scat-
tering single photons, can be devised for (i) transferring
a superposition state from a single additional stationary
qubit to a logical quantum superposition state of the sta-
bilizer code, as well as the reverse process, and (ii) real-
izing arbitrary logical qubit gates on the code subspace,
as well as exponentiated string operators for quantum
simulation of anyonic [71] and fermionic models [82] (see
details in Supplementary Section H).
In order to quantify the efficiency of our scheme, we
consider the task of performing a measurement of the
parity operator PˆI on nG = |I| qubits, with the qubits
initially prepared in state |Ψ+〉 =
⊗
n |+〉q,n. Ide-
ally, detecting the photon at the output of waveguide
“up” or “down” projects this state to state |Ψidealup 〉 =
10
1√
2
(1 + PˆI) |Ψ+〉 or |Ψidealdown〉 = 1√2 (1− PˆI) |Ψ+〉, respec-
tively. The average fidelity of this process, defined in
the Supplementary Section H, takes here the expression
FZ =
∫
dδp|f(δp)|2FZ(δp), with
FZ(δp) =
∑
j
∣∣∣〈Ψidealj | ∫ dνpSˆj,downR,R (νp, δp) |Ψ+〉∣∣∣2 , (20)
which we represent in Fig. 6. In Fig. 6(a,b) we show
this fidelity in situations where the photon scattering is
not perfectly unidirectional, with the explicit expression
of the scattering operator Sˆj,downd′,R (νp, δp) from Eq. (17)
provided in the Supplementary Section D. In these cases
where the dynamics is not purely cascaded, the fidelity
also depends on the propagation phase φ˜, in contrast to
Eq. (19). We observe robust fidelities of FZ(δp) & 99%
for small fluctuations of V n1,2 below ∼ 2% and J below
∼ 5% around their optimal values. Fig. 6(c,d) represents
situations where the photon scatters unidirectionally on
each node, and shows that the infidelity 1−FZ(δp) scales
quadratically with the deviation of V around γr, with the
number of interacting qubits nG, and with the detuning
of the photon δp.
As an estimation of experimentally achievable perfor-
mances, we consider V = γr = 2pi × 50 MHz. From
Fig. 6(d), the gate infidelity intrinsic to our protocol re-
mains below 1% as long as the photon detuning is be-
low |δp| . 0.1γr/nG. This sets a bound to the dura-
tion T of a stabilizer measurement, as the bandwidth ∆ω
of the photon frequency distribution f(δp) must satisfy
T∆ω ≥ 1. For instance, assuming the photon wavepacket
has a truncated gaussian temporal distribution, we ob-
tain an average fidelity FZ above 99% with T = 400 ns
for nG = 4 (see Supplementary Section H). All 6 indepen-
dent stabilizers of the toric code with N = 8 qubits can
then be measured sequentially in a total time & 2.4 µs.
We note that measurements of several stabilizers involv-
ing non-overlapping subsets of qubits can be performed
in parallel using frequency-multiplexing techniques, as
the frequency of their respective GUEs can be tuned to
be resonant with probe fields with different frequencies.
This allows to scale up stabilizer codes without increasing
the total measurement time.
VI. CONCLUSION
To conclude, we presented the design of a unidirec-
tional artificial atom, and demonstrated its application as
an on-chip interface between itinerant photons and sta-
tionary qubits. This design can be integrated in a mod-
ular architecture of photonic quantum networks, where
controllable multi-qubit operations are realized by pas-
sively scattering itinerant photons, which we illustrated
with the realization of quantum state transfer protocols
with high fidelity, as well as the measurement of many-
body stabilizer operators, pertinent for topological quan-
tum error correction.
In contrast to standard strategies for routing quantum
information between nodes of a quantum network, our
approach does not make use of circulators. In fact, rather
than breaking Lorentz reciprocity for the electromagnetic
field (i.e., the invariance under the exchange of source
and detector) to control and route an itinerant quantum
signal, here the propagation of the quantum signal is set
by the itinerant photons injected in the network. This
allows to achieve an effective non-reciprocal interaction
between stationary qubits with a rather simple design,
and an architecture resilient to noise and perturbations.
Note added. We recently became aware of related un-
published work by N. Gheeraert, S. Kono and Y. Naka-
mura.
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A. DIRECTIONALITY OF PHOTON EMISSION
Here we provide details on the derivation of Eqs. (3) and (6), which are used in the main text to describe the
directionality of photon emission of the GUE. In a frame rotating with a central frequency ω0, the Hamiltonian for
the artificial atoms reads
Hˆa = −
2∑
k=1
∆kaˆ
†
kaˆk − (Uk/2) aˆ†kaˆ†kaˆkaˆk + J
(
aˆ†1aˆ2 + aˆ
†
2aˆ1
)
− χaˆ†1aˆ1aˆ†2aˆ2, (21)
where ∆k = ω0−ωk. In an interaction picture with respect to the photonic Hamiltonian Hˆph, the interaction between
the artificial atoms and the waveguide reads
Hˆint(t) =
1√
2pi
∫
dωei(ω−ω0)t
[
bˆ†R(ω)
(
eiωd/vg Lˆ1 + Lˆ2
)
+ bˆ†L(ω)
(
Lˆ1 + e
iωd/vg Lˆ2
)
+ h.c.
]
. (22)
and the total Hamiltonian is given by Hˆtot(t) = Hˆa+Hˆint(t). Denoting for the initial time t0, the Heisenberg equations
of motion for the field operators then yield
bˆR(ω, t) = bˆR(ω, t0)− i√
2pi
∫ t
t0
dt′ei(ω−ω0)t
′ (
eiωd/vg Lˆ1 + Lˆ2
)
bˆL(ω, t) = bˆL(ω, t0)− i√
2pi
∫ t
t0
dt′ei(ω−ω0)t
′ (
Lˆ1 + e
iωd/vg Lˆ2
)
.
(23)
Injecting these expression in the Heisenberg equation for an arbitrary atomic operator Oˆ(t), which read (d/dt)Oˆ(t) =
−i[Oˆ(t), Hˆtot(t)], we obtain the quantum Langevin equation
d
dt
Oˆ(t) =− i
[
Oˆ, Hˆa
]
+ Lˆ†R
[
Oˆ, Lˆ2
]
+ Lˆ†L
[
Oˆ, Lˆ1
]
+
[
Lˆ†2, Oˆ
]
LˆR +
[
Lˆ†1, Oˆ
]
LˆL
+
∑
d=R,L
[bˆind (t)]
†
[
Oˆ(t), Lˆd
]
+
[
Lˆ†d, Oˆ(t)
]
bˆind (t),
(24)
where we defined the collective coupling operators as LˆR = e
iφLˆ1 + Lˆ2 and LˆL = Lˆ1 + e
iφLˆ2 with φ = ω0d/vg, and
the input fields as
bˆind (t) =
i√
2pi
∫
dωe−i(ω−ω0)(t−t0)bˆd(ω, t0), (25)
(with d = R,L) which satisfy [bˆind (t), [bˆ
in
d′(t
′)]†] = δ(t − t′)δd,d′ . In deriving Eq. (24), we used integrals of the form∫
dωeiωt = 2piδ(t), and we made use of a markovian approximation where any retardation effects, due e.g. to the
finite time-delays in the propagation of photons between the quantum emitters, is set to 0+ in the final expression.
We then obtain the expression of Eq. (3) by rearranging terms and by defining the effective Hamiltonian Hˆeff =
Hˆa + sin(φ)
(
Lˆ†2Lˆ1 + Lˆ
†
1Lˆ2
)
. Defining the output fields
bˆoutd (t) =
i√
2pi
∫
dωe−i(ω−ω0)(t−t1)bˆd(ω, t1), (26)
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with arbitrary t1 > t, we have [bˆ
out
d (t), [bˆ
out
d′ (t
′)]†] = δd,d′δ(t− t′), and the input-output field relations read [25]
bˆoutd (t) = bˆ
in
d (t) + Lˆd(t). (27)
The quantum Langevin equation (24) can be interpreted according to Ito quantum stochastic calculus, and inte-
grated. In the particular case where the waveguide is initially in its vacuum state |vac〉, we have bˆind (t) |vac〉 = 0.
Moving back to the Schro¨dinger picture, we then express the average value of the arbitrary atomic operator Oˆ(t) in
Eq. (24) as 〈Oˆ(t)〉 = Tr[Oˆρˆ(t)], where ρˆ(t) is the density matrix for the atoms, and we obtain from Eq. (24) the master
equation
d
dt
ρˆ = −i[Hˆeff, ρˆ]+D[LˆR]ρˆ+D[LˆL]ρˆ, (28)
where D[aˆ]ρˆ = aˆρˆaˆ† − 12{aˆ†aˆ, ρˆ}.
In order to obtain Eq. (6), we consider the situation where the atoms are prepared in state |R〉 at time t = 0. Over
time, the system will spontaneously emit a photon in the waveguide, with the atoms returning to their ground state
|G〉. We then make a Wigner-Weisskopf ansatz for the density matrix of the GUE as
ρˆ = Pg(t) |G〉 〈G|+ |Ψ(t)〉 〈Ψ(t)| , (29)
where |Ψ(t)〉 = cR(t) |R〉+ cL(t) |L〉 with Pg(t) + |cR(t)|2 + |cL(t)|2 = 1, which provides from Eq. (28)
i
d
dt
|Ψ(t)〉 =
[
Hˆeff − i
2
(
Lˆ†RLˆR + Lˆ
†
LLˆL
)] |Ψ(t)〉 . (30)
Denoting the Laplace transform of |Ψ(t)〉 as |Ψ˜(s)〉 ≡ L[|Ψ(t)〉](s), Eq. (30) can be solve as |Ψ˜(s)〉 = Fˆ−1(s) |Ψ(t0)〉,
with Fˆ (s) defined in Eq. (6) as
Fˆ (s) = s+ iHˆeff +
1
2
(
Lˆ†RLˆR + Lˆ
†
LLˆL
)
. (31)
From Eq. (27), this provides for the wavepacket of the emitted photon fR/L(t) = 〈G| LˆR/LL−1[Fˆ−1(s) |R〉](t), and we
define the emission directionality as βdir =
∫∞
0
dt|fR(t)|2.
B. SUPERCONDUCTING CIRCUIT IMPLEMENTATION OF UNIDIRECTIONAL EMITTERS
The circuit implementing the GUE is represented in Fig. 1(c), and consists of two transmons interacting via a SQUID
and coupled at two points to an open transmission line. Following standard quantization procedures [34, 35, 83], we
decompose the transmission line, with inductance and capacitance per unit length l0 and c0, into segments of finite
lengths ∆x, and write the Lagrangian of the system as L = 12 ϕ˙
T C¯ϕ˙−V , where ϕ = (ϕ1, ϕ2, ϕTL,1, ϕTL,2, ϕTL,3, . . .)T
contains the superconducting phase variables associated to the transmons (ϕ1 and ϕ2), and to each segment of the
transmission line (ϕTL,i), indexed from left to right. Denoting the indices for the segments coupled to each transmon
as i1 and i2, the capacitance matrix reads C¯ =
(
C¯a −C¯a,TL
−C¯Ta,TL C¯TL
)
, with
C¯a =
(
C1 + C + c
′
1 −C
−C C2 + C + c′2
)
, (32)
(
C¯TL
)
j,k
= δj,k (c0∆x+ δj,i1c
′
1 + δj,i2c
′
2), and (C¯a,TL)j,k = c
′
1δj,1δk,i1 + c
′
2δj,2δk,i2 . The potential energy, on the other
hand, reads
V =
1
2l0∆x
∑
i
(ϕTL,i+1 − ϕTL,i)2 − EJ cos[(ϕ2 − ϕ1)/ϕ0]− E1J cos(ϕ1/ϕ0)− E2J cos(ϕ2/ϕ0), (33)
with ϕ0 = ~/2e (e is the elementary charge).
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Defining the conjugate variables Q = ∂L∂ϕ˙ = C¯ϕ˙, we obtain the Hamiltonian of the full system
Htot = Q
T ϕ˙− L = 1
2
QT ·
(
C¯
)−1
·Q+ V, (34)
which can be decomposed into Htot = Ha + Hph + Hint, with an atomic term Ha, a term for the transmission line
Hph, and an interaction term Hint. For the artificial atoms we obtain
Ha =
1
2
∑
k
Q2k
(
C¯
)−1
k,k
− E1J cos(ϕ1/ϕ0)− E2J cos(ϕ2/ϕ0) +Q1Q2
(
C¯
)−1
1,2
− EJ cos[(ϕ2 − ϕ1)/ϕ0]. (35)
We then promote the phase and charge variables to operators satisfying [ϕˆk, Qˆl] = iδk,l, and express the Hamiltonian
in terms of bosonic annihilation operators aˆ1 and aˆ2, with
ϕˆk = ϕ0
(
2EkC
EkJ
)1/4
(aˆ†k + aˆk),
Qˆk = 2ei
(
EkJ
32EkC
)1/4
(aˆ†k − aˆk).
(36)
Here EkC = e
2/2Ceffk , with C
eff
k = 1/
(
C¯
)−1
k,k
≈ Ck + c′k + C for (c′k, C) Ck.
The atomic Hamiltonian Hˆa then takes the expression of Eq. (1) by expanding the cosine functions in Eq. (35)
up to fourth order, in the limit 〈|ϕˆk|〉  ϕ0, which is achieved in the transmon regime EkC  EkJ , and discarding
counter-rotating terms in a rotating wave approximation valid for C  Ck and EJ  EkJ . To estimate the value of the
parameters in Eq. (1), we keep only the leading order terms, and find for the transition frequencies ωk ≈
√
8EkJE
k
C ,
while the anharmonicities read Uk ≈ EkC . The linear interaction terms have a capacitive component JC and an
inductive component JI as expressed in Eq. (7). We note that the conditions of C  Ck and EJ  EkJ are required
here in order to be able to neglect counter-rotating terms such as (JC +JI)(aˆ
†
1aˆ
†
2 + aˆ1aˆ2). Similar considerations apply
for the non-linear cross-Kerr interaction χ as expressed in Eq. (8).
For the transmission line Hamiltonian on the other hand, in the limit ∆x → 0 the only non-vanishing terms are
Hph =
∫
dx [∂xϕ(x)]
2
/2l0 + q(x)
2/2c0, where ϕ(x) is the phase variable at position x in the waveguide, and q(x) the
charge density. We then express these fields in second quantization in terms of the bosonic operators bˆR(ω) and bˆL(ω)
as
ϕˆ(x) =
∫
dω
√
Z0
4piω
(
bˆR(ω)e
iωx/vg + bˆL(ω)e
−iωx/vg
)
+ h.c.,
qˆ(x) =− i
∫
dω
√
Z0c20ω
4pi
(
bˆR(ω)e
iωx/vg + bˆL(ω)e
−iωx/vg
)
+ h.c.,
(37)
where vg = 1/
√
l0c0 is the group velocity of photons in the transmission line and Z0 =
√
l0/c0 the transmission line
characteristic impedance, and we obtain Hˆph =
∫
dωω[bˆ†R(ω)bˆR(ω) + bˆ
†
L(ω)bˆL(ω)].
Finally, for the interaction term we obtain
Hˆint =
1
c0
(
Qˆ1 Qˆ2
)
C¯−1a
(
c′1qˆ(x1)
c′2qˆ(x2)
)
, (38)
where x1 and x2 denote the position of the two coupling points along the waveguide. We then obtain the expression in
Eq. (2) by setting x1 = 0 and x2 = d, redefining the phase of the right-propagating modes as bˆR(ω)→ bˆR(ω)e−iωd/vg
and approximating the couplings to be constant over the relevant bandwidth. Assuming for simplicity E1J/E
1
C ≈
E2J/E
2
C , the coupling rates express as γk = (c
′
k/C
eff
k )
2ω0e
2Z0
√
EkJ/(8E
k
C) and the cross-coupling coefficients as rk =
C/Ceffk .
We now study numerically the validity of the model of Hˆa in Eq. (1), for our implementation with superconducting
circuits. We identify the model parameters (namely J , χk, U and ωk) from the full atomic Hamiltonian expressed in
Eq. (35), with the phase and charge operators operators in Eq. (36).
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FIG. 7. Superconducting circuit implementation. Numerical evaluation of the effective anharmonicities χ (blue) and Uk (red)
obtained by optimizing EkJ and EJ such that J = Jopt and ωk = ω0. (a) ω0 = 2pi × 8 GHz and C1 = C2 ∈ [200, 600] fF
(dark to light colors), while rk = C/C
eff
k . (b) Maximum value of χ, and corresponding Uk, obtained by optimizing rk, with
ω0 ∈ 2pi × [5, 10] GHz (light to dark colors), with the ratio EkJ/EkC varied as a function of C1 = C2 ∈ [200, 600] fF, where
E
k
J = E
k
J + EJ . Dashed red ∝ (EkJ/EkC)−0.45. Dashed blue ∝ (EkJ/EkC)−0.65.
Moreover, the effect of counter-rotating terms in the full Hamiltonian, which are the terms that do not preserve
the number of excitations Nexc = aˆ
†
1aˆ1 + aˆ
†
2aˆ2, are accounted for by treating them as perturbation, and applying
standard second-order perturbation theory. That is, we decompose the full Hamiltonian into Hˆa =
⊕∞
ne,n′e=0
Hˆ
ne,n
′
e
a ,
where the diagonal part Hˆne,nea is the projection of Hˆa on the subspace with ne excitations, while the off-diagonal
part Hˆ
ne,n
′
e 6=ne
a couples subspaces with different excitation numbers ne and n
′
e. For small perturbations with respect
to the optical frequency ω0, the renomalized Hamiltonian, which now includes the second-order contribution of these
off-diagonal terms, is then obtained as
Hˆ(2)a ≈ Hˆa −
∑
ne,n′e 6=ne
Hˆ
ne,n
′
e
a Hˆ
n′e,ne
a
ω0(n′e − ne)
. (39)
For experimentally realistic parameters, the resulting cross-Kerr interaction χ and anharmonicities Uk are shown
in Fig. 7, where the Josephson energies EkJ and EJ are optimized such that J = Jopt and ωk = ω0. Fig. 7(a) shows
a linear scaling of χ for weak cross-coupling coefficients rk, while the anharmonicity Uk decreases, and displays an
optimal value for χ which is achieved with a small but non-negligible rk. This optimal value is represented as a
function of the photon frequency ω0 and the ratio E
k
J/E
k
C in Fig. 7(b), where E
k
J = E
k
J + EJ , which shows that
χ decreases for increasing ratio E
k
J/E
k
C . A trade-off must thus be made between working in the transmon regime
(E
k
J/E
k
C  1) in order for the artificial atoms to have small sensitivity to charge noise, and having large effective
anharmonicities. For concreteness, a reasonable such trade-off can be taken as ω0 = 2pi × 8 GHz and EkJ/EkC = 100,
in which case χ ≈ 2pi × 80 MHz and Uk ≈ 2pi × 240 MHz.
C. IMPLEMENTATION OF UNIDIRECTIONAL QUBIT – PHOTON INTERFACE
Here we discuss the superconducting circuit implementation of the GUE as unidirectional photonic interface for an
additional transmon qubit, as represented in Fig. 8. Following the quantization procedure as described in Sec. B for
the GUE, the full system, including the transmission line, is described by a Hamiltonian Hˆtot = Hˆph + Hˆa + Hˆint,
with the transmission line Hamiltonian reading
Hˆph =
∫
dωω
[
bˆ†R(ω)bˆR(ω) + bˆ
†
L(ω)bˆL(ω)
]
. (40)
In the regime of weakly coupled transmons, where (c′1, c
′
2, C, C1, C2)  (Cq, C1, C2) and (EJ,1, EJ,2)  (E1J , E2J),
17
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FIG. 8. Superconducting circuit implementation of unidirectional photonic interface. A transmon qubit, represented in green,
with superconducting phase variable ϕq, is coupled with a purely non-linear cross-Kerr interaction mediated by two SQUIDs
to a GUE, in yellow, which acts as unidirectional photonic interface.
the Hamiltonian for the artificial atoms, including both the GUE and the additional qubit, reduces to
Hˆa =
2∑
k=1
ωkaˆ
†
kaˆk − (Uk/2)aˆ†kaˆ†kaˆkaˆk + ωqa†qaq − (Uq/2)aˆ†qaˆ†qaˆqaˆq + JC(aˆ†1aˆ2 + aˆ†2aˆ1)
+
2∑
k=1
(JC,k − JI,k)(aˆ†qaˆk + aˆ†kaˆq)− Vkaˆ†qaˆqaˆ†kaˆk.
(41)
In analogy to the quantization of the GUE variables yielding Eq. (1), here we also quantized the variables for the
qubit charge (Qq) and phase (ϕq) as
ϕˆq = ϕ0
(
2EqC
EqJ
)1/4
(aˆ†q + aˆq),
Qˆq = 2ei
(
EqJ
32EqC
)1/4
(aˆ†q − aˆq),
(42)
where EqC = e
2/2Ceffq , with C
eff
q ≈ Cq +
∑
k Cc,k the effective qubit capacitance, and we assumed E
q
C  EqJ . In
Eq. (41), the qubit frequency reads ωq ≈
√
8EqCE
q
J , while the qubit anharmonicity is given by Uq ≈ EqC . For the
qubit – GUE interaction terms, we find a linear exchange interaction term with a capacitive (JC,k) and an inductive
(JI,k) contribution, where
JC,k ≈
√
ω0ωq
2
Ck√
Ceffq C
eff
k
, JI,k ≈
√
ω0ωq
2
EJ,k√
EqJE
k
J
. (43)
For the non-linear cross-Kerr terms, we have on the other hand
Vk ≈ 2EJ,k
√
EkCE
q
C
EkJE
q
J
, (44)
which is constrained by the rotating wave approximation [which requires JI,k  (ω0, ωq)] as Vk 
√
EkCE
q
C . In
practice we consider values up to Vk ∼ 2pi × 50 MHz, with EkC = EqC ∼ 2pi × 300 MHz.
The interaction between qubit and GUE reduces to the expression of Eq. (14), by setting JC,k = JI,k. We note
that (i) the Josephson energies of the coupling SQUIDs EJ,k can be independently controlled via flux biases, allowing
to fine-tune Vk such that V1 = V2 = γr, as required in the main text, (ii) the frequency of the qubit (ωq) and of the
GUEs (∼ ω0) can be far detuned (by several GHz), allowing to relax the condition JC,k ≈ JI,k, which does not need
to be met exactly in order to cancel deleterious excitation exchanges between the GUE and the qubit, and (iii) as all
18
the applications discussed here are achieved by scattering single photons with the GUE in its ground state |G〉, the
cross-Kerr interaction term within the GUE, arising from the coupling SQUID in Fig. 1(c), is irrelevant here, and has
been removed for simplicity.
Finally, for the interaction between artificial atoms and the transmission line, we obtain, in analogy to Eq. (2)
Hˆint =
1√
2pi
∫
dω
[
bˆ†R(ω)
(
eiωd/vg Lˆ1 + Lˆ2
)
+ bˆ†L(ω)
(
Lˆ1 + e
iωd/vg Lˆ2
)
+ h.c.
]
+
1√
2pi
∫
dω
[
bˆ†R(ω)
(
eiωd/vg
√
γq,1 +
√
γq,2
)
+ bˆ†L(ω)
(√
γq,1 + e
iωd/vg√γq,2
)]
aˆq + h.c.,
(45)
where the first component corresponds to the interaction of propagating photons with the GUE, while the second is
an additional spurious interaction term coupling directly the qubit atom to the transmission line, with the rates
γq,k ≈ γk ωq
ω0
√
EkCE
q
J
EkJE
q
C
(
Ck
Cq
)2
. (46)
Even though we typically have γq,k  γk as Ck  Cq, the presence of these additional couplings could lower the
lifetime of the qubit atom by spontaneous photon emission in the transmission line. This can however be remedied by
properly choosing the qubit frequency ωq. Indeed, let us consider the situation where the qubit is prepared in state
|1〉q, with the GUE in its ground state |G〉 and the transmission line in the vacuum state |vac〉. The dynamics of this
system can be solved by means of a Wigner-Weisskopf ansatz, where the state of the system takes the expression
|ψ(t)〉 =
[
cq(t)e
−iωqtaˆ†q + c1(t)e
−iω0taˆ†1 + c2(t)e
−iω0taˆ†2(t) +
∫
dωcR(ω, t)e
−iωtbˆ†R(ω)+cL(ω, t)e
−iωtbˆ†L(ω)
]
|0〉q|G〉|vac〉 ,
(47)
with cq(0) = 1 and c1(0) = c2(0) = cR(ω, 0) = cL(ω, 0) = 0. For simplicity, let us assume ωk = ω0, γk = γ and rk = 0.
From (d/dt) |ψ(t)〉 = −iHˆtot |ψ(t)〉, we then have
c˙q(t) =− i
2∑
k=1
(JC,k − JI,k)e−i(ω0−ωq)tck(t)− i√
2pi
∫
dωcR(ω, t)
(√
γq,1e
−iωd/vg +
√
γq,2
)
e−i(ω−ωq)t
− i√
2pi
∫
dωcL(ω, t)
(√
γq,1 + e
−iωd/vg√γq,2
)
e−i(ω−ωq)t
c˙1(t) =− iJCc2(t)− i(JC,1 − JI,1)ei(ω0−ωq)tcq(t)− i
√
γ
2pi
∫
dω
(
cR(ω, t)e
−iωd/vg + cL(ω, t)
)
e−i(ω−ω0)t
c˙2(t) =− iJCc1(t)− i(JC,2 − JI,2)ei(ω0−ωq)tcq(t)− i
√
γ
2pi
∫
dω
(
cR(ω, t) + cL(ω, t)e
−iωd/vg
)
e−i(ω−ω0)t.
(48)
Inserting in these equations the formal solutions for the dynamics of the field variables, obtained from (d/dt) |ψ(t)〉 =
−iHˆtot |ψ(t)〉 as
cR(ω, t) =− i√
2pi
∫ t
t0
dt′ei(ω−ωq)t
′
cq(t
′)
(√
γq,1e
iωd/vg +
√
γq,2
)
− i
√
γ
2pi
∫ t
t0
dt′ei(ω−ω0)t
′ (
c1(t
′)eiωd/vg + c2(t′)
)
,
cL(ω, t) =− i√
2pi
∫ t
t0
dt′ei(ω−ωq)t
′
cq(t
′)
(√
γq,1 +
√
γq,2e
iωd/vg
)
− i
√
γ
2pi
∫ t
t0
dt′ei(ω−ω0)t
′ (
c1(t
′) + c2(t′)eiωd/vg
)
,
(49)
we obtain
c˙q(t) =−
(
γq,1 + γq,2 + 2
√
γq,1γq,2e
iωqd/vg
)
cq(t)−
[√
γγq,1 +
√
γγq,2e
iω0d/vg − i(JC,1 − JI,1)
]
ei(ωq−ω0)tc1(t)
−
[√
γγq,1e
iω0d/vg +
√
γγq,2 − i(JC,2 − JI,2)
]
ei(ωq−ω0)tc2(t),
c˙1(t) =− γc1(t)−
(
iJC + γe
iω0d/vg
)
c2(t)−
[√
γγq,1 +
√
γγq,2e
iωqd/vg − i(JC,1 − JI,1)
]
e−i(ωq−ω0)tcq(t),
c˙2(t) =− γc2(t)−
(
iJC + γe
iω0d/vg
)
c1(t)−
[√
γγq,1e
iωqd/vg +
√
γγq,2 − i(JC,2 − JI,2)
]
e−i(ωq−ω0)tcq(t).
(50)
One can then readily solve these differential equations. In particular, working in a regime with the qubit frequency
far detuned with respect to the GUE, i.e., |ωq − ω0| ≫ √γγq,k and |ωq − ω0|  |JC,k − JI,k|, the residual linear
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exchange rates (JC,k − JI,k) between the qubit and the GUE in Eq. (41) adds a contribution to the linear coupling
between qubit and waveguide as
γeffq,k ≈ γq,k + γ
(
JC,k − JI,k
ω0 − ωq
)2
. (51)
This yields for the qubit amplitude cq(t) = e
−i∆qte−γqt, where the qubit atom frequency is shifted by ∆q =
2
√
γeffq,1γ
eff
q,2 sin(ωqd/vg), and the qubit undergoes a spontaneous photon emission with rate γq =
∑
k γ
eff
q,k +
2
√
γeffq,1γ
eff
q,2 cos(ωqd/vg). In particular, this decay rate vanishes if γ
eff
q,1 ≈ γeffq,2 and if ωq is taken such that ωqd/vg
is an odd multiple of pi. This is a manifestation of subradiance due to the destructive interference of photons emitted
by the qubit atom via the two coupling points.
D. SLH FORMALISM FOR MODELING INPUT-OUTPUT PHOTONIC QUANTUM NETWORKS
Here we provide details on the SLH formalism employed for modeling input-output photonic quantum networks,
with several GUEs coupled to a waveguide. We start by giving a brief introductory overview of the formalism in
Sec. D 1, including the composition rules for modeling composite photonic systems in a “bottom-up” approach. For
more details, we refer the reader to the review in Ref. [58]. In Sec. D 2 we apply the formalism to the network
represented in Fig. 1(d), with an ensemble of N GUEs coupled to a common waveguide as photonic bath. In Sec. D 3,
we derive the expression of the single-photon scattering operator, first for a single qubit coupled to a GUE, as
represented in Fig. 3(b), and then for the more generic setup represented in Fig. 3(a).
1. Definitions and properties
In the SLH formalism, each element of an open input-output photonic quantum network with Nc input and output
photonic channels is represented by a triplet G =
(
S, Lˆ, Hˆ
)
. Here S is an Nc ×Nc scattering matrix describing the
coupling between photonic quantum channels, Lˆ is an Nc×1 vector of coupling operators representing the interaction
between the system and the photonic channels, and Hˆ is the Hamiltonian of the system. For instance, in the situation
represented in Fig. 1(d) where an ensemble ofN GUEs interacts via a common waveguide, each individual GUE couples
to Nc = 2 photonic channels, corresponding to the right- and left-propagating modes of the waveguide. Denoting
the various parameters and operators associated with each composite emitter with a corresponding superscript n, the
SLH triplet for each GUE n is given by
(
1,
(
LˆnR Lˆ
n
L
)T
, Hˆneff
)
. On the other hand, the propagation of photons between
nodes is described by another triplet
(
eiφ˜, 0, 0
)
, where φ˜ = ω0l/vg with l the distance between two neighbouring GUEs
along the waveguide.
To describe larger composite quantum systems, triplets can be combined in a bottom-up approach using different
composition rules. In the following we will make use of two composition rules: the series product and the concatenation
product. The series product, represented in Fig. 9(a), allows to combine cascaded quantum systems, where the output
channel of a first system G1 becomes the input channel of a second one G2, and is denoted G2 /G1. The composition
rule is (
S2, Lˆ2, Hˆ2
)
/
(
S1, Lˆ1, Hˆ1
)
=
(
S2S1, S2Lˆ1 + Lˆ2, Hˆ1 + Hˆ2 − i
2
[
Lˆ
†
2S2Lˆ1 − Lˆ
†
1S
†
2Lˆ2
])
. (52)
The concatenation product on the other hand, represented in Fig. 9(b), combines different photonic channels in
parallel, and is denoted G2 G1. The composition rule is(
S2, Lˆ2, Hˆ2
)

(
S1, Lˆ1, Hˆ1
)
=
((
S2 0
0 S1
)
,
(
Lˆ2
Lˆ1
)
, Hˆ1 + Hˆ2
)
. (53)
For a generic (possibly large) quantum system with triplet
G =
S,
 Lˆ1...
LˆNc
 , Hˆ
 , (54)
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G2L<latexit sha1_base64="FtmzJPQgH0EitpQs M6BEqVLo9Eg=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQQguLCF4SSM6wt9lLluzuH bt7QjjyG2wsFLH1B9n5b9wkV2jig4HHezPMzAsTzrRx3W+nsLK6tr5R3Cxtbe/s7pX3D5o6ThW hPol5rNoh1pQzSX3DDKftRFEsQk5b4eh66reeqNIslg9mnNBA4IFkESPYWMm/eaz17nrlilt1Z0 DLxMtJBXI0euWvbj8mqaDSEI617nhuYoIMK8MIp5NSN9U0wWSEB7RjqcSC6iCbHTtBJ1bpoyhWt qRBM/X3RIaF1mMR2k6BzVAvelPxP6+TmugyyJhMUkMlmS+KUo5MjKafoz5TlBg+tgQTxeytiAyx wsTYfEo2BG/x5WXSrFW9s2rt/rxSv8rjKMIRHMMpeHABdbiFBvhAgMEzvMKbI50X5935mLcWnH zmEP7A+fwBEXGOMg==</latexit>G
1
L<latexit sha1_base6 4="wfW9QQSYPeCLWsg5n1Thur7cckw=">AAAB7 HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQQg uLCF4SSM6wt9lLluztHrt7QjjyG2wsFLH1B9n 5b9wkV2jig4HHezPMzAsTzrRx3W+nsLK6tr5R3 Cxtbe/s7pX3D5papopQn0guVTvEmnImqG+Y4b SdKIrjkNNWOLqe+q0nqjST4sGMExrEeCBYxAg 2VvJvHr3eXa9ccavuDGiZeDmpQI5Gr/zV7UuSx lQYwrHWHc9NTJBhZRjhdFLqppommIzwgHYsFT imOshmx07QiVX6KJLKljBopv6eyHCs9TgObWeM zVAvelPxP6+TmugyyJhIUkMFmS+KUo6MRNPPU Z8pSgwfW4KJYvZWRIZYYWJsPiUbgrf48jJp1q reWbV2f16pX+VxFOEIjuEUPLiAOtxCA3wgwOAZ XuHNEc6L8+58zFsLTj5zCH/gfP4AD+uOMQ==< /latexit> G
N
L<latexit sha1_base64="Ij55su138sYU4KpNPsz/ rgagv98=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHoQQ8iFdy20K4lm2bb0Gx2SbJCWfobvHhQx Ks/yJv/xrTdg7Y+GHi8N8PMvCARXBvH+UZLyyura+uFjeLm1vbObmlvv6HjVFHm0VjEqhUQzQSXzDPcCNZK FCNRIFgzGF5N/OYTU5rH8sGMEuZHpC95yCkxVvKuH++6t91S2ak4U+BF4uakDDnq3dJXpxfTNGLSUEG0brt OYvyMKMOpYONiJ9UsIXRI+qxtqSQR0342PXaMj63Sw2GsbEmDp+rviYxEWo+iwHZGxAz0vDcR//PaqQkv/ IzLJDVM0tmiMBXYxHjyOe5xxagRI0sIVdzeiumAKEKNzadoQ3DnX14kjWrFPa1U78/Ktcs8jgIcwhGcgAvn UIMbqIMHFDg8wyu8IYle0Dv6mLUuoXzmAP4Aff4APBmOTg==</latexit>
GNR
<latexit sha1_base64="o30RRpdEZEzXB+pgJUD9 QwoakiI=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHoQU9SxW0L7VqyabYNzWaXJCuUpb/BiwdFv PqDvPlvTNs9aOuDgcd7M8zMCxLBtXGcb7S0vLK6tl7YKG5ube/slvb2GzpOFWUejUWsWgHRTHDJPMONYK1E MRIFgjWD4dXEbz4xpXksH8woYX5E+pKHnBJjJe/68bZ73y2VnYozBV4kbk7KkKPeLX11ejFNIyYNFUTrtus kxs+IMpwKNi52Us0SQoekz9qWShIx7WfTY8f42Co9HMbKljR4qv6eyEik9SgKbGdEzEDPexPxP6+dmvDCz 7hMUsMknS0KU4FNjCef4x5XjBoxsoRQxe2tmA6IItTYfIo2BHf+5UXSqFbc00r17qxcu8zjKMAhHMEJuHAO NbiBOnhAgcMzvMIbkugFvaOPWesSymcO4A/Q5w9FMY5U</latexit>
GR
<latexit sha1_base64="COXq/Yq9loPWeiQUyYTiOUmnLz8=">AAAB6nicbVDLSgNBEOyNrxhf UY9eBoPgKexGQY9BD3qMjzwgWcLsZJIMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup76zSeujYjU I45j7od0oERfMIpWerjp3neLJbfszkCWiZeREmSodYtfnV7EkpArZJIa0/bcGP2UahRM8kmhkxgeUzaiA962VNGQGz+dnTohJ1bpkX6kbSkkM/X3REpDY8ZhYDtDikOz6E3F/7x2gv1LPxUqTpArNl/U TyTBiEz/Jj2hOUM5toQyLeythA2ppgxtOgUbgrf48jJpVMreWblyd16qXmVx5OEIjuEUPLiAKtxCDerAYADP8ApvjnRenHfnY96ac7KZQ/gD5/MH9E2NlA==</latexit>
GL
<latexit sha1_base64="f8PJvojZiMF2NWN8K/x1gCWC1X8=">AAAB6nicbVA9SwNBEJ2LXzF+ RS1tFoNgFe6ioGXQQguLiOYDkiPsbTbJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEshUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdCughkuheB0FSt6KNadhIHkzGF1P/eYT10ZE 6hHHMfdDOlCiLxhFKz3cdO+6xZJbdmcgy8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvmk0EkMjykb0QFvW6poyI2fzk6dkBOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+pZ8KFSfIFZsv 6ieSYESmf5Oe0JyhHFtCmRb2VsKGVFOGNp2CDcFbfHmZNCpl76xcuT8vVa+yOPJwBMdwCh5cQBVuoQZ1YDCAZ3iFN0c6L8678zFvzTnZzCH8gfP5A+s1jY4=</latexit>
 
<latexit sha1_base64="TXX37sNAyarAZfYMNuATiG2Tj78="> AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GPRi8cK9gPapWTTbBuaTWKSFcvSP+HFgyJe/Tve/Dem7R609cHA470ZZuZFijNjff /bW1ldW9/YLGwVt3d29/ZLB4dNI1NNaINILnU7woZyJmjDMstpW2mKk4jTVjS6mfqtR6oNk+LejhUNEzwQLGYEWye1u5F8Ujw1vVLZ r/gzoGUS5KQMOeq90le3L0maUGEJx8Z0Al/ZMMPaMsLppNhNDVWYjPCAdhwVOKEmzGb3TtCpU/ooltqVsGim/p7IcGLMOIlcZ4Lt0C x6U/E/r5Pa+CrMmFCppYLMF8UpR1ai6fOozzQllo8dwUQzdysiQ6wxsS6iogshWHx5mTSrleC8Ur27KNeu8zgKcAwncAYBXEINbqEO DSDA4Rle4c178F68d+9j3rri5TNH8Afe5w9rA5A3</latexit>
GU0
<latexit sha1_base64="4VZbnKDNv/P3HmBc0KJJ8v1egYo=">AAAB+XicbVBNS8NAFHzxs9avq Ecvi0XwVJIq6LHoQY8VTFtoQ9hsN+3SzSbsbgol9J948aCIV/+JN/+NmzYHbR1YGGbe481OmHKmtON8W2vrG5tb25Wd6u7e/sGhfXTcVkkmCfVIwhPZDbGinAnqaaY57aaS4jjktBOO7wq/M6FSsUQ86W lK/RgPBYsYwdpIgW3fB3k/xnpEMEde4MwCu+bUnTnQKnFLUoMSrcD+6g8SksVUaMKxUj3XSbWfY6kZ4XRW7WeKppiM8ZD2DBU4psrP58ln6NwoAxQl0jyh0Vz9vZHjWKlpHJrJIqRa9grxP6+X6ejGz5l IM00FWRyKMo50gooa0IBJSjSfGoKJZCYrIiMsMdGmrKopwV3+8ippN+ruZb3xeFVr3pZ1VOAUzuACXLiGJjxACzwgMIFneIU3K7derHfrYzG6ZpU7J/AH1ucP3OmTJw==</latexit>
GU1
<latexit sha1_base64="kIqeLT7v9WJTvQFkGFd6rLNTAGA=">AAAB+XicbVBNS8NAFHzxs9avq Ecvi0XwVJIq6LHoQY8VTFtoQ9hsN+3SzSbsbgol9J948aCIV/+JN/+NmzYHbR1YGGbe481OmHKmtON8W2vrG5tb25Wd6u7e/sGhfXTcVkkmCfVIwhPZDbGinAnqaaY57aaS4jjktBOO7wq/M6FSsUQ86W lK/RgPBYsYwdpIgW3fB3k/xnpEMEde4M4Cu+bUnTnQKnFLUoMSrcD+6g8SksVUaMKxUj3XSbWfY6kZ4XRW7WeKppiM8ZD2DBU4psrP58ln6NwoAxQl0jyh0Vz9vZHjWKlpHJrJIqRa9grxP6+X6ejGz5l IM00FWRyKMo50gooa0IBJSjSfGoKJZCYrIiMsMdGmrKopwV3+8ippN+ruZb3xeFVr3pZ1VOAUzuACXLiGJjxACzwgMIFneIU3K7derHfrYzG6ZpU7J/AH1ucP3m6TKA==</latexit>
GUT1<latexit sha1_base64="9kiEriiJObHv7bxaZRLTsLANgzU=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVU mqoMuiC11WaNpCG8NkOm2HTh7MTMQS8ituXCji1h9x5984abPQ1gMDh3Pu5Z45fsyZVJb1bZTW1jc2t8rblZ3dvf0D87DakVEiCHVIxCPR87GknIXUUUxx2osFxYHPadef3uR+95EKyaKwrWYxdQM8DtmIEay05JnVWy8dBFhN CObI8eyHduaZNatuzYFWiV2QGhRoeebXYBiRJKChIhxL2betWLkpFooRTrPKIJE0xmSKx7SvaYgDKt10nj1Dp1oZolEk9AsVmqu/N1IcSDkLfD2Zx5TLXi7+5/UTNbpyUxbGiaIhWRwaJRypCOVFoCETlCg+0wQTwXRWRCZYYK J0XRVdgr385VXSadTt83rj/qLWvC7qKMMxnMAZ2HAJTbiDFjhA4Ame4RXejMx4Md6Nj8VoySh2juAPjM8fQmCT7g==</latexit>GUT0
<latexit sha1_base64="ypzgi60mnRDkjvFJE3n94gS/yR0=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVU mqoMuiC11WaNpCG8NkOm2HTh7MTMQS8ituXCji1h9x5984abPQ1gMDh3Pu5Z45fsyZVJb1bZTW1jc2t8rblZ3dvf0D87DakVEiCHVIxCPR87GknIXUUUxx2osFxYHPadef3uR+95EKyaKwrWYxdQM8DtmIEay05JnVWy8dBFhN CObI8ayHduaZNatuzYFWiV2QGhRoeebXYBiRJKChIhxL2betWLkpFooRTrPKIJE0xmSKx7SvaYgDKt10nj1Dp1oZolEk9AsVmqu/N1IcSDkLfD2Zx5TLXi7+5/UTNbpyUxbGiaIhWRwaJRypCOVFoCETlCg+0wQTwXRWRCZYYK J0XRVdgr385VXSadTt83rj/qLWvC7qKMMxnMAZ2HAJTbiDFjhA4Ame4RXejMx4Md6Nj8VoySh2juAPjM8fQNmT7Q==</latexit>
G1R
<latexit sha1_base64="Msq/qqEO+r2KbIm54b0EEjbRvD8=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHbRRI9ED3pE4w IJrKRbutDQ7W7argnZ8Bu8eNAYr/4gb/4bC+xBwZdM8vLeTGbmBYng2jjONyqsrK6tbxQ3S1vbO7t75f2Dpo5TRZlHYxGrdkA0E1wyz3AjWDtRjESBYK1gdD31W09MaR7LBzNOmB+RgeQhp8RYybt5dHv3vXLFqToz4GXi5qQCORq98le3H9M0YtJQQbTuuE5i/I wow6lgk1I31SwhdEQGrGOpJBHTfjY7doJPrNLHYaxsSYNn6u+JjERaj6PAdkbEDPWiNxX/8zqpCS/9jMskNUzS+aIwFdjEePo57nPFqBFjSwhV3N6K6ZAoQo3Np2RDcBdfXibNWtU9q9buziv1qzyOIhzBMZyCCxdQh1togAcUODzDK7whiV7QO/qYtxZQPnMIf 4A+fwAZA443</latexit>
G1L<latexit sha1_base64="wfW9QQSYPeCLWsg5n1Thur7cckw=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQQguLCF 4SSM6wt9lLluztHrt7QjjyG2wsFLH1B9n5b9wkV2jig4HHezPMzAsTzrRx3W+nsLK6tr5R3Cxtbe/s7pX3D5papopQn0guVTvEmnImqG+Y4bSdKIrjkNNWOLqe+q0nqjST4sGMExrEeCBYxAg2VvJvHr3eXa9ccavuDGiZeDmpQI5Gr/zV7UuSxlQYwrHWHc9NTJ BhZRjhdFLqppommIzwgHYsFTimOshmx07QiVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+TmugyyJhIUkMFmS+KUo6MRNPPUZ8pSgwfW4KJYvZWRIZYYWJsPiUbgrf48jJp1qreWbV2f16pX+VxFOEIjuEUPLiAOtxCA3wgwOAZXuHNEc6L8+58zFsLTj5zC H/gfP4AD+uOMQ==</latexit>
GR
<latexit sha1_base64="COXq/Yq9loPWeiQUyYTiOUmnLz8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BD3qMjzwgWcLsZJIMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glgK g6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup76zSeujYjUI45j7od0oERfMIpWerjp3neLJbfszkCWiZeREmSodYtfnV7EkpArZJIa0/bcGP2UahRM8kmhkxgeUzaiA962VNGQGz+dnTohJ1bpkX6kbSkkM/X3REpDY8ZhYDtDikOz6E3F/7x2gv1LPxUqTpArNl/UTyTBiEz/Jj2hOUM5toQyLeythA2ppgxtOgUbgrf48jJpVMreWblyd16qXmVx5OEIjuEUPLiAKtxC DerAYADP8ApvjnRenHfnY96ac7KZQ/gD5/MH9E2NlA==</latexit>
GL
<latexit sha1_base64="f8PJvojZiMF2NWN8K/x1gCWC1X8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQQguLiOYDkiPsbTbJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEs hUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdCughkuheB0FSt6KNadhIHkzGF1P/eYT10ZE6hHHMfdDOlCiLxhFKz3cdO+6xZJbdmcgy8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvmk0EkMjykb0QFvW6poyI2fzk6dkBOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+pZ8KFSfIFZsv6ieSYESmf5Oe0JyhHFtCmRb2VsKGVFOGNp2CDcFbfHmZNCpl76xcuT8vVa+yOPJwBMdwCh5cQBVu oQZ1YDCAZ3iFN0c6L8678zFvzTnZzCH8gfP5A+s1jY4=</latexit>
G( ˜)
<latexit sha1_base64="KiCc 9VWfgKwIZp0q4FlsCAWXF0U=">AAAB9HicbVDLSsNAFJ3UV62vqk s3g0Wom5Ja8bErutBlBfuAJpTJZNIOnTycuSmU0O9w40IRt36MO/ /GSRpErQcuHM65l3vvcSLBFZjmp1FYWl5ZXSuulzY2t7Z3yrt7HR XGkrI2DUUoew5RTPCAtYGDYL1IMuI7gnWd8XXqdydMKh4G9zCNmO 2TYcA9Tgloyb6pWsCFy6xoxI8H5YpZMzPgRVLPSQXlaA3KH5Yb0t hnAVBBlOrXzQjshEjgVLBZyYoViwgdkyHraxoQnyk7yY6e4SOtuN gLpa4AcKb+nEiIr9TUd3SnT2Ck/nqp+J/Xj8G7sBMeRDGwgM4Xe bHAEOI0AexyySiIqSaESq5vxXREJKGgcyplIVymOPt+eZF0Tmr1R q1xd1ppXuVxFNEBOkRVVEfnqIluUQu1EUUP6BE9oxdjYjwZr8bbv LVg5DP76BeM9y8nJpHW</latexit>
G
 
 ˜
2
 
<latexit sha1_base64="VfHTFZxXViBOJK9AUsIpSE+SOf0=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1U9JWfOyKLnRZwT6gKWUynb RDJ5MwcyOU0K0bf8WNC0Xc+gfu/BsnaRG1HrhwOOde7r3HiwTX4Dif1sLi0vLKam4tv76xubVt7+w2dRgryho0FKFqe0QzwSVrAAfB2pFiJPAEa3mjy9Rv3TGleShvYRyxbkAGkvucEjBSz8ZXrscHRRd8RWjiAhd95kZDPkkqk9Q56tkFp+RkwPOkPCMFNEO9Z3+4/ZDGAZNABdG6U3 Yi6CZEAaeCTfJurFlE6IgMWMdQSQKmu0n2yQQfGqWP/VCZkoAz9edEQgKtx4FnOgMCQ/3XS8X/vE4M/lk34TKKgUk6XeTHAkOI01hwnytGQYwNIVRxcyumQ2IyARNePgvhPMXJ98vzpFkplaul6s1xoXYxiyOH9tEBKqIyOkU1dI3qqIEoukeP6Bm9WA/Wk/VqvU1bF6zZzB76Bev9C6 ICmm8=</latexit>
G( ˜)
<latexit sha1_base64="KiCc9VWfgKwIZp0q4FlsCAWXF0U="> AAAB9HicbVDLSsNAFJ3UV62vqks3g0Wom5Ja8bErutBlBfuAJpTJZNIOnTycuSmU0O9w40IRt36MO//GSRpErQcuHM65l3vvcSLBFZjm p1FYWl5ZXSuulzY2t7Z3yrt7HRXGkrI2DUUoew5RTPCAtYGDYL1IMuI7gnWd8XXqdydMKh4G9zCNmO2TYcA9Tgloyb6pWsCFy6xoxI8H 5YpZMzPgRVLPSQXlaA3KH5Yb0thnAVBBlOrXzQjshEjgVLBZyYoViwgdkyHraxoQnyk7yY6e4SOtuNgLpa4AcKb+nEiIr9TUd3SnT2Ck /nqp+J/Xj8G7sBMeRDGwgM4XebHAEOI0AexyySiIqSaESq5vxXREJKGgcyplIVymOPt+eZF0Tmr1Rq1xd1ppXuVxFNEBOkRVVEfnqIl uUQu1EUUP6BE9oxdjYjwZr8bbvLVg5DP76BeM9y8nJpHW</latexit>
G( ˜)
<latexit sha1_base64="KiCc9VWfgKwIZp0q4FlsCAWXF0U="> AAAB9HicbVDLSsNAFJ3UV62vqks3g0Wom5Ja8bErutBlBfuAJpTJZNIOnTycuSmU0O9w40IRt36MO//GSRpErQcuHM65l3vvcSLBFZjm p1FYWl5ZXSuulzY2t7Z3yrt7HRXGkrI2DUUoew5RTPCAtYGDYL1IMuI7gnWd8XXqdydMKh4G9zCNmO2TYcA9Tgloyb6pWsCFy6xoxI8H 5YpZMzPgRVLPSQXlaA3KH5Yb0thnAVBBlOrXzQjshEjgVLBZyYoViwgdkyHraxoQnyk7yY6e4SOtuNgLpa4AcKb+nEiIr9TUd3SnT2Ck /nqp+J/Xj8G7sBMeRDGwgM4XebHAEOI0AexyySiIqSaESq5vxXREJKGgcyplIVymOPt+eZF0Tmr1Rq1xd1ppXuVxFNEBOkRVVEfnqIl uUQu1EUUP6BE9oxdjYjwZr8bbvLVg5DP76BeM9y8nJpHW</latexit>
G( ˜)
<latexit sha1_base64="KiCc 9VWfgKwIZp0q4FlsCAWXF0U=">AAAB9HicbVDLSsNAFJ3UV62vqk s3g0Wom5Ja8bErutBlBfuAJpTJZNIOnTycuSmU0O9w40IRt36MO/ /GSRpErQcuHM65l3vvcSLBFZjmp1FYWl5ZXSuulzY2t7Z3yrt7HR XGkrI2DUUoew5RTPCAtYGDYL1IMuI7gnWd8XXqdydMKh4G9zCNmO 2TYcA9Tgloyb6pWsCFy6xoxI8H5YpZMzPgRVLPSQXlaA3KH5Yb0t hnAVBBlOrXzQjshEjgVLBZyYoViwgdkyHraxoQnyk7yY6e4SOtuN gLpa4AcKb+nEiIr9TUd3SnT2Ck/nqp+J/Xj8G7sBMeRDGwgM4Xe bHAEOI0AexyySiIqSaESq5vxXREJKGgcyplIVymOPt+eZF0Tmr1R q1xd1ppXuVxFNEBOkRVVEfnqIluUQu1EUUP6BE9oxdjYjwZr8bbv LVg5DP76BeM9y8nJpHW</latexit>
G
 
 ˜
2
 
<latexit sha1_base64="VfHTFZxXViBOJK9AUsIpSE+SOf0=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1U9JWfOyKLnRZwT6gKWUynb RDJ5MwcyOU0K0bf8WNC0Xc+gfu/BsnaRG1HrhwOOde7r3HiwTX4Dif1sLi0vLKam4tv76xubVt7+w2dRgryho0FKFqe0QzwSVrAAfB2pFiJPAEa3mjy9Rv3TGleShvYRyxbkAGkvucEjBSz8ZXrscHRRd8RWjiAhd95kZDPkkqk9Q56tkFp+RkwPOkPCMFNEO9Z3+4/ZDGAZNABdG6U3 Yi6CZEAaeCTfJurFlE6IgMWMdQSQKmu0n2yQQfGqWP/VCZkoAz9edEQgKtx4FnOgMCQ/3XS8X/vE4M/lk34TKKgUk6XeTHAkOI01hwnytGQYwNIVRxcyumQ2IyARNePgvhPMXJ98vzpFkplaul6s1xoXYxiyOH9tEBKqIyOkU1dI3qqIEoukeP6Bm9WA/Wk/VqvU1bF6zZzB76Bev9C6 ICmm8=</latexit>
G
 
 ˜
2
 
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FIG. 9. Composition rules and applications of the SLH formalism. (a) Series product G2 / G1 for two cascaded quantum
systems, where the output field of the first system becomes the input field of the second one. (b) Concatenation product
G2  G1 describing several photonic channels in parallel. (c) SLH model of the setup of Fig. 1(d), with N GUEs coupled to
a waveguide. The contributions of right- and left-propagating photons (accounted for in GR and GL) are each decomposed
into series products of atomic elements GnR/L (n = 1, 2, . . .) and phase shifts G(φ˜). (d) SLH model for the setup of Fig. 3(a),
containing now two waveguides, each with right- and left-propagating modes contributing to GR and GL, and linear optics
elements GUn coupling the waveguides.
with Nc photonic quantum channels, one can straightforwardly access its dynamics. If we assume for simplicity that
the scattering matrix S commutes with any arbitrary quantum system operator Oˆ, which is the case throughout this
work, the quantum Langevin equation takes the expression [58]
d
dt
Oˆ(t) = −i[Oˆ, Hˆ] +
Nc∑
j=1
Lˆ†jOˆLˆj −
1
2
{
Lˆ†jLˆj , Oˆ
}
+
∑
i,j
[
bˆini (t)
]†
(Sj,i)
∗[Oˆ, Lˆj]+ [Lˆ†j , Oˆ]Sj,ibˆini (t). (55)
Here the operators bˆinj (t) are the input field operators for each photonic quantum channel (j = 1, 2, . . . , Nc), and are
equivalent to the operators in Eq. (25) defined for the case of right- and left-propagating waveguide modes. Defining
analogously the output field operators bˆoutj (t) as in Eq. (26), these operators are related to one another via the
input-output relation
bˆoutj (t) =
∑
i
Sj,ibˆ
in
i (t) + Lˆj(t). (56)
2. Driven-dissipative dynamics of cascaded GUEs
We can now apply the composition rules defined above to model the situation represented in Fig. 1(d), where an
ensemble of N GUEs are coupled to a common waveguide. To this end, the easiest approach consists in decomposing
the coupling of each GUE to right- and left-propagating modes of the waveguides, by defining the triplets GnR =(
1, LˆnR, Hˆ
n
eff
)
and GnL =
(
1, LˆnL, 0
)
. The phase shift φ˜ arising in the propagation of the photon between neighbouring
GUEs is accounted for with another triplet G(φ) =
(
eiφ˜, 0, 0
)
. We then obtain the triplet GR representing the coupling
of all the GUEs to right-propagating modes [as represented in Fig. 9(c)], by recursively applying the series product as
GR = G
N
R / G(φ˜) / G
N−1
R / G(φ˜) / . . . / G
1
R =
(
eiφ˜(N−1), LˆR,
N∑
n=1
Hˆneff + HˆR
)
, (57)
where
LˆR =
N∑
n=1
eiφ˜(N−n)LˆnR,
HˆR =− i
2
∑
n,m<n
[(
LˆnR
)†
LˆmR e
iφ˜(n−m) − h.c.
]
.
(58)
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Similarly, the collective coupling of the emitters to left-propagating waveguide modes GL is obtained by recursively
applying the series product as represented in Fig. 9(c). Note that the ordering of the triplets is however reversed, and
we have
GL = G
1
L / G(φ˜) / G
2
L / G(φ˜) / . . . / G
N
L =
(
eiφ˜(N−1), LˆL, HˆL
)
, (59)
where
LˆL =
N∑
n=1
eiφ˜(n−1)LˆnL,
HˆL =− i
2
∑
n,m>n
[(
LˆnL
)†
LˆmL e
iφ˜(m−n) − h.c.
]
.
(60)
The system is then finally described by the concatenation of the right- and left-propagating mode contributions as
G = GR GL =
(
eiφ˜(N−1)1,
(
LˆR
LˆL
)
, Hˆeff
)
, (61)
with Hˆeff =
∑
n Hˆ
n
eff + HˆR + HˆL. The dynamics of the system then follows from Eq. (55), and expresses as in Eq. (3),
up to a redefinition of the phase of the input field operators as bˆinR/L(t)→ e−iφ˜(N−1)bˆinR/L(t).
3. Single-photon scattering operator
In the following we derive the expression of the single-photon scattering operator for the setup of Fig. 3(a). We
start by defining the single-photon scattering operator, and derive its expression for the situation of a single node (i.e.,
a single qubit atom interacting with a GUE) coupled to a waveguide, as represented in Fig. 3(b). We then extend the
situation to the more generic setup of Fig. 3(a).
1. Definitions
Within the SLH formalism, we recall that a (possibly composite) open quantum system with Nc photonic input
and output channels, described by the SLH triplet in Eq. (54), follows the dynamics in Eqs. (55) and (56). In
this framework, the single-photon scattering problem consists in solving for the single-photon scattering operator
Sˆj,i(νp, δp), where
Sˆj,i(νp, δp) = 〈vac| bˆoutj (νp)[bˆini (δp)]† |vac〉 . (62)
Here, Sˆ(νp, δp) is a matrix of operators acting on the quantum system, and its elements Sˆj,i(νp, δp) represent the
back-action on the quantum system when a photon with detuning δp (with respect to the central frequency ω0)
scatters on the system from input channel i, and leaves the system in output channel j with detuning νp, with the
the input/output Fourier transform operators defined as
bˆ
in/out
j (δp) =
−i√
2pi
∫
dtbˆ
in/out
j (t)e
iδpt, (63)
with [bˆ
in/out
j (νp), [bˆ
in/out
i (δp)]
†] = δj,iδ(νp − δp). We stress that the single-photon scattering operator in Eq. (62) is a
different quantity from the scattering matrix S in Eq. (54). From the input-output relation in Eq. (56) we then have
Sˆj,i(νp, δp) = 1
2pi
∫
dtdt′eiνpt−iδpt
′ 〈vac| bˆoutj (t)[bˆini (t′)]† |vac〉
= δ(νp − δp)Sj,i + 1
2pi
∫
dtdt′eiνpt−iδpt
′ 〈vac| Lˆj(t)[bˆini (t′)]†, |vac〉 ,
(64)
where the last term must be evaluated using the quantum Langevin equation (55).
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2. Single node
We now evaluate the single-photon scattering operator in Eq. (64) for the case of a single node n as in Fig. 3(b),
where a single qubit atom interacts with a GUE coupled to a waveguide. The GUE is initially in its ground state
|G〉n, and returns to it after the photon scattering. The SLH triplet describing this system is given by(
1,
(
LˆnR
LˆnL
)
, Hˆneff + Hˆ
n
V
)
, (65)
where the non-linear interaction between GUE and qubit is given from Eq. (41) as
HˆnV = −(aˆnq )†aˆnq
[
V n1 (aˆ
n
1 )
†aˆn1 + V
n
2 (aˆ
n
2 )
†aˆn2
]
. (66)
The single-photon scattering operator is then obtained by integrating Eq. (64). In order to express it we first evaluate
the matrix elements
vs
′,s
R/L(t) ≡ 〈s′|q,n 〈G|n 〈vac| aˆnR/L(t)
∫
dt′e−iδpt
′
[bˆinR(t
′)]† |vac〉 |G〉n |s〉q,n , (67)
with limt→−∞ v
s′,s
R/L(t) = 0, where |s〉q,n denotes the qubit state (with s = 0, 1). Defining a two-dimensional vector
binR =
(〈R|n (LˆnR)† |G〉n
〈L|n (LˆnR)† |G〉n
)
, (68)
and a non-hermitian matrix with elements
F s
′,s
d′,d = 〈s′|q,n 〈d′|n
[
− iHˆneff − iHˆnV −
1
2
∑
d′′
(Lˆnd′′)
†Lˆnd′′
]
|d〉n |s〉q,n , (69)
we have from the quantum Langevin equation in Eq. (55)
d
dt
(
vs
′,s
R
vs
′,s
L
)
=
(
F s
′,s
R,R F
s′,s
R,L
F s
′,s
L,R F
s′,s
L,L
)(
vs
′,s
R
vs
′,s
L
)
− δs′,se−iδptbinR . (70)
The solution of this differential equation reads(
vs
′,s
R (t)
vs
′,s
L (t)
)
= δs,s′e
−iδpt
(
iδp + F
s′,s
R,R F
s′,s
R,L
F s
′,s
L,R iδp + F
s′,s
L,L
)−1
· binR . (71)
Defining two other two-dimensional vectors boutR and b
out
L as
boutd =
(〈G|n Lˆnd |R〉n
〈G|n Lˆnd |L〉n
)
, (72)
the single-photon scattering operator from Eq. (64) reads here, denoting Sˆnd′,d(νp, δp) ≡ 〈G|n Sˆd′,d(νp, δp) |G〉n,
〈s′| SˆnL,R(νp, δp) |s〉 = δ(νp − δp)δs′,sboutL ·
(
iδp + F
s′,s
R,R F
s′,s
R,L
F s
′,s
L,R iδp + F
s′,s
L,L
)−1
· binR ,
〈s′| SˆnR,R(νp, δp) |s〉 = δ(νp − δp)δs′,s
1 + boutR ·
(
iδp + F
s′,s
R,R F
s′,s
R,L
F s
′,s
L,R iδp + F
s′,s
L,L
)−1
· binR
 . (73)
The explicit expression in terms of the system parameters reads
SˆnL,R(νp, δp) = δ(νp − δp)
[
r˜0(δp) |0〉q,n 〈0|+ r˜1(δp) |1〉q,n 〈1|
]
,
SˆnR,R(νp, δp) = δ(νp − δp)
[
t˜0(δp) |0〉q,n 〈0|+ t˜1(δp) |1〉q,n 〈1|
]
,
(74)
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and we obtain similar expression for SˆnL,L(νp, δp) and SˆnR,L(νp, δp). We stress that in our model the scattering preserves
both the number of propagating photons, as well as the qubit atom excitation number, which results in Eq. (74) with
|r˜0(δp)|2 + |t˜0(δp)|2 = |r˜1(δp)|2 + |t˜1(δp)|2 = 1, where r˜s and t˜s are the reflected and transmitted photon amplitude
when the qubit is in state |s〉q,n.
Assuming for simplicity that the couplings of the GUE atoms to the waveguide are symmetric, i.e. γ1 = γ2 ≡ γ
and r1 = r2 ≡ r, these amplitudes take the expression
r˜0(δp) =−
iγe−iφ
[
∆1+e
2iφ(∆2+2Jr+r2(∆1+δp)+δ)+2eiφ(J(r2+1)+r(∆1+∆2+2δp))+2Jr+2γ(r2−1)2eiφ sin(φ)+∆2r2+r2δp+δp
]
(∆1+δp)(∆2+δp)−J2+2iγJ(2r+(r2+1)eiφ)+γ2(r2−1)2(−1+e2iφ)+iγ(r2+2reiφ+1)(∆1+∆2+2δp) ,
t˜0(δp) =
[(∆1+δ)(∆2+δp)+J2]−2γ sin(φ)[J(r2+1)+r(∆1+∆2+2δp)]
(∆1+δp)(∆2+δp)−J2+2iγJ[2r+(r2+1)eiφ]+γ2(r2−1)2(−1+e2iφ)+iγ(r2+2reiφ+1)(∆1+∆2+2δp) ,
(75)
while r˜1(δp) and t˜1(δp) are respectively obtained from these expression for r˜0(δp) and t˜0(δp) by replacing ∆1,2 →
∆1,2 + V
n
1,2.
In particular, in the regime where the GUEs are unidirectionally coupled to the waveguide, i.e., where ∆1 = ∆2 ≡
∆n + 2rγ sin(φ), J = −γ(1 + r2) sin(φ) and φ = pi/2 + 2arctan(r) as discussed in the main text, and assuming a
symmetric qubit – GUE interaction with V n1 = V
n
2 ≡ V , the photon scattering becomes unidirectional. We then have
r˜1(δp) = r˜0(δp) = 0, while t˜0(δp) = t(∆
n + δp) and t˜1(δp) = t(∆
n + δp + V ), where
t(δp) =
2iδp + γr
2iδp − γr (76)
with γr ≡ 2γ
(
1 + 2r cos[φopt] + r
2
)
, as used in the main text. We write for the single-photon scattering operator in
Eq. (74) SˆnL,R(νp, δp) = 0 and SˆnR,R(νp, δp) = δ(νp − δp)σˆn(δp), with
σˆn(δp) = t˜0(δp) |0〉q,n〈0|+ t˜1(δp) |1〉q,n 〈1| . (77)
3. Photonic quantum network with several nodes
Here we derive the single-photon scattering operator for the generic setup in Fig. 3(a), which contains N nodes
and two waveguides (labelled “up” and “down”). The waveguides are coupled via linear optical elements, such as
beam-splitters, which are described within the SLH framework by triplets of the form
GUn = (Un, 0, 0) . (78)
Here Un are unitary matrices of dimension 2 representing these couplings between right-propagating modes of the
two waveguides. We start by deriving the expression of the SLH triplet describing the system, and derive afterwards
the single-photon scattering operator in terms of this triplet. Similarly to the situation of Sec. D 2, we first evaluate
the contribution of right-propagating waveguide modes to the dynamics of the system. Again, this requires applying
recursively the series product, as represented in the upper half of Fig. 9(d). Notice that, in contrast to the case
of Sec. D 2, there are now two right-propagating photonic channels, corresponding to the two waveguides. The
corresponding triplet GR is then obtained recursively, as
GR = . . . / GU1 /
[(
G(φ˜/2) / G1R / G(φ˜/2)
)
G(φ˜)
]
/ GU0 . (79)
Here the photon propagation phase φ˜ between the elements of the network is accounted for with the triplets G(φ˜/2) =
(eiφ˜/2, 0, 0) and G(φ˜) = (eiφ˜, 0, 0), while the triplet for each node n reads GnR = (1, Lˆ
n
R, Hˆ
n
eff + Hˆ
n
V ). We then obtain
GR = (SR, LˆR, HˆR +
∑
n Hˆ
n
eff + Hˆ
n
V ), where
SR = e
iφ˜N
N∏
n=0
Un,
(LˆR)j =
N∑
n=1
eiφ˜(N−n+1/2)
(
N∏
m=n
Um
)
j,up
LˆnR,
HˆR = − i
2
∑
n,m<n
eiφ˜(n−m)(LˆnR)†
(
n−1∏
l=m
Ul
)
up,up
LˆmR − h.c.
 ,
(80)
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Similarly, we evaluate the contribution of left-propagating mode as represented in the lower part of Fig. 9(d). Again,
there are two channels, corresponding to the two waveguides, and their couplings are represented by the transposed
matrices UTn . The coupling of the nodes to these modes is given by the triplets GnL = (1, LˆnL, 0). We then obtain
GL = GUT0 /
[(
G(φ˜/2) / G1L / G(φ˜/2)
)
G(φ˜)
]
/ GUT1 / . . . ≡ (SL, LˆL, HˆL), (81)
where
SL = e
iφ˜(N−1)
0∏
n=N
UTn ,
(LˆL)j =
N∑
n=1
eiφ˜(n−1/2)
(
0∏
m=n−1
UTm
)
j,up
LˆnL,
HˆL = − i
2
∑
n,m>n
eiφ˜(m−n)(LˆnL)†
(
n∏
l=m−1
UTl
)
up,up
LˆmL − h.c.
 ,
(82)
with the convention
∏0
n=N An ≡ A0A1 . . . AN . We then finally obtain the triplet describing the full system by
combining the contribution of the right- and left-propagating modes, as
G = GR GL =
((
SR 0
0 SL
)
,
(
LˆR
LˆL
)
, HˆT
)
(83)
with HˆT ≡ HˆR + HˆL +
∑
n Hˆ
n
eff + Hˆ
n
V .
Having derived the SLH triplet for the system, one can readily derive the single-photon scattering operator, similarly
to the case of a single node above, assuming the GUEs are initially in their ground state |G〉 = ⊗n |G〉n and return
to it after the photon scattering. We define the matrix elements
vs
′,s
j,R/L,n(t) ≡ 〈s| 〈G| 〈vac|aˆnR/L(t)
∫
dt′e−iδpt
′
[bˆinR,j(t
′)]† |vac〉 |G〉 |s〉 , (84)
where bˆinR,j(t
′) is the quantum noise operator for right-propagating photons in line j, and |s〉 = |s1〉q,1 . . . |sN 〉q,N
denotes the state of the qubit atoms, with sn ∈ {0, 1}. It is convenient to define two 2N -dimensional vectors
binj = (b
in
j,1, . . . , b
in
j,2N )
T with components
binj,n = e
iφ˜(n−1/2)
(
n−1∏
m=0
Um
)
up,j
〈G| aˆnR(LˆnR)† |G〉 ,
binj,N+n = e
iφ˜(n−1/2)
(
n−1∏
m=0
Um
)
up,j
〈G| aˆnL(LˆnR)† |G〉 .
(85)
These vectors represent the absorption amplitudes of a right-propagating photon injected in line j, for the
two transitions of each GUE n. Writing similarly the matrix elements in 2N -dimensional vectors vs
′,s
j (t) =
(vs
′,s
j,R,1, . . . , v
s′,s
j,R,N , v
s′,s
j,L,1, . . . , v
s′,s
j,L,N )
T , the quantum Langevin equation in Eq. (55) provides
d
dt
vs
′,s
j (t) = F
s′,s · vs′,sj (t)− δs′,se−iδptbinj . (86)
Here the matrix F s
′,s of dimension 2N can be decomposed into two submatrices of dimensions N as
F s
′,s =
A¯s′,s
(
B¯s
′,s
)T
B¯s
′,s
(
A¯s
′,s
)T
 (87)
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with
A¯s
′,s
n,m = 〈s′| 〈G|aˆnR
[
− iHˆT − 1
2
(
Lˆ
†
R · LˆR + Lˆ
†
L · LˆL
)]
(aˆmR )
† |G〉 |s〉 ,
B¯s
′,s
n,m = 〈s′| 〈G|aˆnL
[
− iHˆT − 1
2
(
Lˆ
†
R · LˆR + Lˆ
†
L · LˆL
)]
(aˆmR )
† |G〉 |s〉 .
(88)
The solution of Eq. (86) reads
vs
′,s
j (t) = δs′,se
−iδpt
(
iδp1 + F
s′,s
)−1
· binj . (89)
We now define four other 2N -dimensional vectors boutd′,j (with d
′ = R,L and j ∈ {up,down}), with boutd′,j =
(boutd′,j,1, . . . , b
out
d′,j,2N ), where
boutd′,j,n = 〈G| (Lˆd′)j(aˆnR)† |G〉 ,
boutd′,j,N+n = 〈G| (Lˆd′)j(aˆnL)† |G〉 .
(90)
These vectors represent the amplitudes of photon emission in direction d′ and line j for the two excitation modes of
each GUE n. The single-photon scattering operator from Eq. (64) is then obtained from Eq. (89), and reads here,
Sˆj,iL,R(νp, δp) = δ(νp − δp)
∑
s
|s〉 〈s|boutL,j · (iδp1 + F s,s)−1 · bini ,
Sˆj,iR,R(νp, δp) = δ(νp − δp)
∑
s
|s〉 〈s|
[
(SR)j,i + b
out
R,j · (iδp1 + F s,s)−1 · bini
]
,
(91)
This expression can be evaluated numerically in general.
On the other hand, in the particular case where the coupling of the GUEs to the waveguide is purely unidirectional
and where V n1 = V
n
2 = V , the coupling operators Lˆ
n
R/L are proportional to aˆ
n
R/L, as discussed in the main text.
We then obtain from the definitions of Eqs. (80), (82), (85), (88) and (90) that B¯s,s = 0 and bini,N+n = b
out
L,j,n =
boutR,j,N+n = 0, and thus Sˆj,iL,R(νp, δp) = 0 in Eq. (91). Moreover, A¯s becomes block-triangular as A¯s,sn,m>n = 0 and
A¯s,sn,m<n = −eiφ˜(n−m)γr
(∏n−1
l=m Ul
)
up,up
. This allows to perform the inversion in Eq. (91) by using recursively the
property (
M1 0
M2 M3
)−1
=
(
M−11 0
−M−13 M2M−11 M−13
)
. (92)
One then obtains that Eq. (91) can be factorized as
Sˆj,iR,R(νp, δp)
=eiφ˜Nδ(νp − δp)
∑
s
|s〉 〈s|
[(
N∏
n=0
Un
)
j,i
+ γr
∑
n2≥n1≥1
e−iφ˜(n2−n1)
(
N∏
n=n2
Un
)
j,up
(
iδp1 + A¯
s,s
)−1
n2,n1
(
n1−1∏
n=0
Un
)
up,i
]
=
∑
i1
eiφ˜Nδ(νp − δp)
∑
s
|s〉 〈s|
[(
N∏
n=1
Un
)
j,i1
+ γr
N∑
n2≥n1≥2
e−iφ˜(n2−n1)
(
N∏
n=n2
Un
)
j,up
(
iδp1 + A¯
s,s
)−1
n2,n1
(
n1−1∏
n=1
Un
)
up,i1
]
(
1 + γr
(
iδp1 + A¯
s,s
)−1
1,1
δi1,up
)
(U0)i1,i
=
∑
i1,i2
eiφ˜Nδ(νp − δp)
∑
s
|s〉 〈s|
[(
N∏
n=2
Un
)
j,i2
+ γr
N∑
n2≥n1≥3
e−iφ˜(n2−n1)
(
N∏
n=n2
Un
)
j,up
(
iδp1 + A¯
s,s
)−1
n2,n1
(
n1−1∏
n=2
Un
)
up,i2
]
(
1 + γr
(
iδp1 + A¯
s,s
)−1
2,2
δi2,up
)
(U1)i2,i1
(
1 + γr
(
iδp1 + A¯
s,s
)−1
1,1
δi1,up
)
(U0)i1,i
= . . . =
∑
i1,i2,...,iN
eiφ˜Nδ(νp − δp)
∑
s
|s〉 〈s| (UN )j,iN
N∏
n=1
[(
1 + γr
(
iδp1 + A¯
s,s
)−1
n,n
δin,up
)
(Un−1)in,in−1
]
,
(93)
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with i0 ≡ i. This expression for Sˆj,iR,R(νp, δp) can finally be reduced to Eq. (18) by defining the two-dimensional
diagonal matrix of qubit atom operators Sˆn(δp), with [Sˆn(δp)]down,down = 1 and [Sˆn(δp)]up,up = σˆn(δp), where we
identified the operator in Eq. (77) as
σˆn(δp) =
∑
s=0,1
|s〉q,n〈s|
[
1 + γr
(
iδp1 + A¯
s,s
)−1
n,n
]
. (94)
E. APPLICATION FOR SINGLE-PHOTON DETECTORS
Here we discuss how the setup of a single qubit atom coupled to a GUE can be used to detect individual itinerant
photons. Considering the setup as in Fig. 3(b), the scattering of a photon on qubit atom n, assuming a unidirectional
coupling, is described by the operator in Eq. (77), which, with ∆n = −γr/2 and V = γr, yields
σˆn(δp) =
2i(δp − γr/2) + γr
2i(δp − γr/2)− γr |0〉q,n〈0|+
2i(δp + γr/2) + γr
2i(δp + γr/2)− γr |1〉q,n〈1| , (95)
which becomes the Pauli operator σˆnz = |0〉q,n〈0| − |1〉q,n〈1|, up to an irrelevant global phase, for resonant photons
(i.e., with δp = 0). Resonant photons can thus be detected by preparing qubit n in state |+〉q,n, which will be flipped
to the orthogonal state |−〉q,n upon photon scattering. The photon is then effectively detected by measuring qubit n,
after applying a Ramsey pi/2-pulse on the qubit. For off-resonant photons, the detection probability is given by
Pdet(δp) =
∣∣∣〈−|q,n σˆn(δp) |+〉q,n∣∣∣2 = γ4r(γ2r − 2δ2p)4 + 4γ2rδ2p = 1− 4(δp/γr)4 +O(δp/γr)8, (96)
which represents a detection bandwidth of ∼ γr.
For photons with finite wavepacket bandwidth, the back-action of this detection will also alter the
shape of the wavepacket. Considering a photon with frequency distribution f(δp), i.e., an input state∫
dδpf(δp)[bˆ
in
R(δp)]
† |vac, Gn〉 |+〉q,n, the photon will leave the system as∫
dδpdνpf(δp)[bˆ
out
R (νp)]
† |vac, Gn〉 SˆnR,R(νp, δp) |+〉q,n . (97)
After subsequently measuring the qubit, the frequency distribution of the wavepacket will be deformed, up to nor-
malization constants, as
f(δp)→ f(δp) 〈−|q,n σˆn(δp) |+〉q,n = −
γ2r
γ2r − 2iγrδp − 2δ2p
f(δp) (98)
upon successful detection with probability
∫
dδpPdet(δp)|f(δp)|2, and
f(δp)→ f(δp) 〈+|q,n σˆn(δp) |+〉q,n =
2iδ2p
γ2r − 2iγrδp − 2δ2p
f(δp), (99)
if the detection fails. Note that the fact that the phases of two factors in Eqs. (98) and (99) depend on δp/γr is due to
the temporal deformation of the wavepacket in the dynamics of the photon absorption and reemission. On the other
hand, the fact that their norms depend on δp/γr is a consequence of the frequency filtering due to the measurement
back-action.
F. APPLICATION FOR PREPARATION OF MATRIX PRODUCT STATES
In this section we provide examples of generation of matrix product states with a single photon scattering, namely,
GHZ and 1D cluster states.
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1. GHZ state
We wish to prepare N qubits in the state
|GHZ〉 = 1√
2
(
N⊗
n=1
|+〉q,n +
N⊗
n=1
|−〉q,n
)
. (100)
This is achieved with the same setup as represented in Fig. 5(c). With the qubits initialized in state
⊗
n |+〉q,n, taking
U0 = UN = Hˆ with Hˆ the Hadamard gate as defined in the main text, for a resonant photon the scattering operator
in Eq. (18) realizes the projection
Sˆdown,downR,R (νp, δp = 0)
⊗
n
|+〉q,n =δ(νp)eiφ˜N
1
2
[
1−
N∏
m=1
σˆmz
]⊗
n
|+〉q,n ,
Sˆup,downR,R (νp, δp = 0)
⊗
n
|+〉q,n =δ(νp)eiφ˜N
1
2
[
1 +
N∏
m=1
σˆmz
]⊗
n
|+〉q,n ,
(101)
and we obtain the state in Eq. (100), up to a sign depending on the output waveguide which can be corrected by
applying a single σˆnx gate on one of the qubits.
2. 1D cluster state
The 1D cluster state on N qubits is defined as
|C1D〉 =
(
N−1∏
m=1
Zˆm,m+1
)
N⊗
n=1
|+〉q,n . (102)
Here we defined the two-qubit controlled-Z gate
Zˆn,m = 1− 2PˆnPˆm, (103)
with the projectors Pˆn = |1〉q,n〈1|, n = 1, . . . , N . The setup and protocol generating this state are obtained by using
Un = Hˆ for all 0 ≤ n ≤ N , with the qubits initialized again in state
⊗
n |+〉q,n. One then obtains the following
property [84]: (
UnSˆn(δp = 0)
)
down,down
|+〉q,n =
1√
2
Hˆnσˆnz |0〉q,n ,(
UnSˆn(δp = 0)
)
down,up
|+〉q,n =
1√
2
Hˆnσˆnz |1〉q,n ,(
UnSˆn(δp = 0)
)
up,down
|+〉q,n =
1√
2
Hˆn |0〉n ,(
UnSˆn(δp = 0)
)
up,up
|+〉q,n =
1√
2
Hˆn |1〉n ,
(104)
with Hˆn = |+〉q,n 〈0| + |−〉q,n 〈1| the Hadamard gate on qubit n. From Eq. (18) and Eq. (104), one can then show
recursively that
Sˆdown,downR,R (νp, δp = 0)
⊗
n
|+〉q,n =δ(νp)eiφ˜N
1√
2
N∏
n=1
(
Hˆnσˆnz
)
|C1D〉 ,
Sˆup,downR,R (νp, δp = 0)
⊗
n
|+〉q,n =δ(νp)eiφ˜N
1√
2
HˆN
N−1∏
n=1
(
Hˆnσˆnz
)
|C1D〉 .
(105)
We thus obtain the 1D cluster state |C1D〉 after scattering a single right-propagating photon injected in line “down”, by
applying the inverse of the single-qubit gates in the right-hand side of Eq. (105), conditional on the output waveguide
of the photon.
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G. QUANTUM STATE TRANSFER PROTOCOL
The average fidelity FQST for the quantum state transfer protocol is evaluated by applying the protocol on an
initially maximally entangled state between qubit 1 and a virtual ancilla qubit (denoted a) [85] as |Ψi〉 = (|0〉q,1 |0〉a+
|1〉q,1 |1〉a) |+〉q,N /
√
2. After performing the protocol as represented in Fig. 4, we obtain the state of the system of
qubit N and ancilla as a density matrix ρˆf . Ideally, the state of qubit N and the ancilla should be pure and entangled
as |Ψideal〉 = (|0〉q,N |0〉a + |1〉q,N |1〉a)/
√
2. The average fidelity is then defined as FQST = Tr [〈Ψideal| ρˆf |Ψideal〉].
Here, the state of the system before the scattering of the photon, injected in the system from line “down”,
reads |in〉 = ∫ dδpf(δp)[bˆinR,down(δp)]† |vac,G〉 |Ψ〉i, with frequency distribution f(δp). Assuming unidirectional
photon – GUE interactions, from the expression in Eq. (18) the state after the scattering reads |out〉 =∑
j
∫
dδpf(δp)[bˆ
out
R,j(δp)]
† |vac,G〉 |Ψj(δp)〉, where |Ψj(δp)〉=
[
HSˆN (δp)HSˆ1(δp)H
]
j,down
|Ψ〉i represents the state of the
qubits when the photon is scattered to line j. The (unnormalized) qubit density matrix ρˆj , conditioned on the
detection of the photon at the output of line j, is then obtained as ρˆj =
∫
dδp|f(δp)|2 |Ψj(δp)〉 〈Ψj(δp)|.
Denoting all the other operations performed in the circuit of Fig. 4 after the photon scattering and subsequent
detection at the output of line j, including the projective measurements of qubit atom 1, as superoperators Pˆj , we
then obtain the reduced density matrix as ρˆf = Trq,1
(
Pˆup[ρˆup] + Pˆdown[ρˆdown]
)
, where Trq,1 denotes the trace over
qubit 1. The average fidelity finally expresses as FQST =
∫
dδp|f(δp)|2FQST(δp), with
FQST(δp) =
γ8r − 2γ6rδ2p − 2γ5rδ3p + 3γ4rδ4p + 2γ3rδ5p + 4δ8p(
γ4r + 4δ
4
p
)2 = 1− 2(δp/γr)2 +O(δp/γr)3. (106)
Including in the description the finite probability Pd of losing the photon in the process, due for instance to
amplitude attenuation in the waveguides or to a faulty photon detection, the overall transfer fidelity is (1−Pd)FQST.
Standard strategies for quantum error correction can however be applied to correct for such photon losses. For
example, following Ref. [69], we can add an ancillary backup stationary qubit b to node 1 and, before performing the
state transfer protocol, entangle it with qubit 1 as(|0〉q,1
|1〉q,1
)
|0〉b |+〉q,N →
(|0〉q,1 |1〉b + |1〉q,1 |0〉b
|1〉q,1 |1〉b + |0〉q,1 |0〉b
)
|+〉q,N . (107)
In case the photon is not detected after the scattering, the initial superposition can then be retrieved by measuring
qubit 1, as the photon scattering operator in Eq. (16) is diagonal in the computational basis of the qubits. From
Eq. (107), for the measurement outcome |0〉q,1, the state of the backup qubit is projected to
(|1〉b|0〉b
)
, while the outcome
|1〉q,1 yields
(|0〉b|1〉b
)
. This allows to prepare the system back to the entangled state (107), and repeat the procedure
until the photon is successfully detected at the output, which requires on average 1/(1−Pd) trials. At this stage, the
state transfer protocol can resume normally, which transfers the entanglement with the backup qubit b from qubit 1
to qubit N , yielding (|1〉b |0〉q,N + |0〉b |1〉q,N
|1〉b |1〉q,N + |0〉b |0〉q,N
)
. (108)
The qubit superposition is then finally transferred to qubit N by measuring the backup qubit b and, depending on
the outcome, performing a local σˆNx gate on qubit N .
H. PROTOCOLS FOR TORIC CODE GENERATION AND MANIPULATION
1. Toric code generation
The toric code is a stabilizer code where physical qubits are located on the edges of a 2D lattice with periodic
boundary conditions [81]. The code has two types of stabilizers: as represented in Fig. 5(a), for each plaquette p of
the lattice we define an operator Aˆp =
∏
n∈p σˆ
n
z , and, similarly, for each vertex v we define Bˆv =
∏
n∈v σˆ
n
x . With an
Nl×Nl lattice [e.g. Nl = 2 in Fig. 5(a)], the number of physical qubits is N = 2N2l , while the number of independent
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stabilizers is 2(N2l − 1). Thus, the manifold of states |Φ〉 satisfying the constraints Aˆp |Φ〉 = |Φ〉 and Bˆv |Φ〉 = |Φ〉 for
all p and v is four-dimensional. One such state can be expressed as
|Φ1〉 = 1√
2
∏
p
(
1 + Aˆp
) N⊗
n=1
|+〉q,n , (109)
which projects
⊗N
n=1 |+〉q,n on the eigenmanifold of each Aˆp with eigenvalue +1. In the protocol of Fig. 5, we prepare
state |Φ1〉 by performing sequential measurements of the operators Aˆp. From the list of the measurement outcomes,
one can always perform single-qubit σˆnx gates such that the state becomes eigenstate of all Aˆp with eigenvalue +1.
Since Bˆv
⊗N
n=1 |+〉q,n =
⊗N
n=1 |+〉q,n for all v, and as all the stabilizers commute, the state remains an eigenstate of
all Bˆv with eigenvalue +1 throughout the protocol, and we prepared the system in state |Φ1〉.
The other three code states can be obtained from |Φ1〉 by applying products of σˆnz gates on all qubits along
horizontal or vertical cyclic paths passing through lattice sites. We denote such horizontal and vertical cyclic paths as
γ1 and γ2 respectively. For the minimal instance represented in Fig. 5(a), one can take for instance γ1 = {5, 6} and
γ2 = {4, 8}. Conversely, we define vertical and horizontal cyclic paths passing through plaquette centers, which we
denote respectively as γ∗1 and γ
∗
2. In the example of Fig. 5(a) one can use for instance γ
∗
1 = {1, 5} and γ∗2 = {3, 4}.
We then define logical operators on the code manifold as the string operators Zˆ1 =
∏
n∈γ1 σˆ
n
z ,Xˆ1 =
∏
n∈γ∗1 σˆ
n
x ,
Zˆ2 =
∏
n∈γ2 σˆ
n
z and Xˆ2 =
∏
n∈γ∗2 σˆ
n
x . This allows to define the other three code states as |Φ2〉 = Zˆ1 |Φ1〉, |Φ3〉 =
Zˆ2 |Φ1〉 and |Φ4〉 = Zˆ2Zˆ1 |Φ1〉, which satisfy Xˆα |Φβ〉 = (−1)sα,β |Φβ〉 with s1,1 = s1,3 = s2,1 = s2,2 = 1 and
s1,2 = s1,4 = s2,3 = s2,4 = −1. We note that in our setup, the logical operators Zˆ1,2 and Xˆ1,2 are measurable in the
very same way as the stabilizers, without having to measure individual physical qubits which would project the state
out of the code subspace.
2. Fidelity of stabilizer measurements with finite photon pulse
We consider here the scattering of a photon wavepacket with a temporal distribution given by
f˜(t) = Ae−t
2/(4σ2t )Θ(T/2− |t|), (110)
where T is the temporal extent of the wavepacket, σt its temporal width, Θ the Heaviside step function, and A a nor-
malization constant such that
∫ T/2
−T/2 |f˜(t)|2dt = 1. With the qubits initialized in state |Ψ+〉 as expressed above, this re-
alizes a scattering with the input state |in〉 = ∫ dδpf(δp)[bˆinR,down(δp)]† |vac〉 |Ψ+〉, where f(δp) = (1/√2pi) ∫ dtf˜(t)eiδpt
is the Fourier transform of f˜(t). Without necessarily assuming purely unidirectional photon – GUE interactions,
the system is then left after the scattering in state |out〉 = ∑d′,j ∫ dδpf(δp)[bˆoutd′,j(δp)]† |vac,G〉 |Ψd′,j(δp)〉, where
|Ψd′,j(δp)〉 =
∫
dνpSˆj,downd′,R (νp, δp) |Ψ+〉, and we made use of the fact that the single-photon scattering operator is
proportional to δ(νp − δp) (with its general expression provided in the Supplementary Section D).
Detecting the photon at the right output of waveguide j yields for the qubits the (unnormalized) density matrix
ρˆj =
∫
dδp|f(δp)|2 |ΨR,j(δp)〉 〈ΨR,j(δp)|. The measurement fidelity is then defined as FZ = Fdown + Fup with
Fj = 〈Ψidealj | ρˆj |Ψidealj 〉 =
∫
dδp|f(δp)|2FZ(δp), (111)
with FZ(δp) as expressed in Eq. (20).
3. Logical qubit gates and exponentiated string operators
We now provide details on the protocols for manipulating the toric code with our setup, namely for applying
arbitrary gates on logical qubit states, as well as for the write-in and read-out of logical superposition states. We
first note that the application of any string operator Sˆ =
∏
n∈I σˆ
n, with I a subset of qubit atoms and σˆn an
arbitrary rotation of the Pauli operator σˆnz on the Bloch sphere, requires only single-qubit gates. The logical qubit
operators Zˆ1,2 and Xˆ1,2, as defined above, are examples of such operators. As represented in Fig. 10(a,b), this allows
the application of exponentiated string operators eiϕSˆ with ϕ an arbitrary phase, by using an additional ancilla node
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FIG. 10. Operations on the toric code and exponentiated string operators with an additional qubit. (a) Setup with an additional
qubit atom n = 0, located to the left of the other qubit atoms as topological quantum memory. (b,c) Protocols for (b) applying
an exponentiated gate eiϕSˆ on the quantum memory (denoted L), and (c) for transferring a qubit state superposition from
qubit 0 to the quantum memory, with the setup depicted in (a). (d) Inverted setup, with a photon injected from the right and
detected at the left output. (e) Protocol for transferring back a state superposition from the quantum memory to qubit 0, with
the setup depicted in (d).
(n = 0) located to the left of the other “topological quantum memory” qubits with n = 1, . . . N . There, the controlled-
Sˆ gate is realized by (i) performing single qubit rotations on the quantum memory (denoted L) before and after the
photon scattering, and (ii) engineering the photon scattering in Eq. (16) such that σˆn(δp = 0) = σ
n
z if n ∈ I, and
σˆn(δp = 0) = 1 otherwise. The exponentiated gate is performed on the ancilla qubit which, after measurement, is
transferred to the quantum memory. Assuming a logical qubit in the memory |Ψ〉L is encoded in a superposition of
states |Φ1〉 and |Φ2〉 = Zˆ1 |Φ1〉, any logical single-qubit gate can be decomposed into a product eiϕ1Xˆ1eiϕ2Zˆ1eiϕ3Xˆ1 ,
which is thus performed with our protocol in three steps.
4. Quantum state write-in and read-out
The protocol described above can also be used to write a qubit superposition state in the quantum memory,
with the same setup. This “write-in” protocol, adapted from the quantum state transfer protocol of Fig. 4, is
represented in Fig. 10(c), where the ancilla qubit is initialized in a superposition state |Ψ〉q,0 = c0 |0〉q,0 + c1 |1〉q,0
(with |c0|2 + |c1|2 = 1). After the protocol, the superposition state is transferred to the quantum memory as
|Ψ〉L = c0 |Φ1〉L + c1 |Φ2〉L. The inverse protocol, consisting in reading-out the quantum memory by mapping the
superposition state back to the ancilla, is represented in Fig. 10(d,e). This requires to invert the setup, and use
left-propagating photons to carry the quantum information from the quantum memory to the ancilla.
